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Abstract

Computational Optimal Control of Nonlinear Systems with Parameter

Uncertainty

by

Chris D. Phelps

A number of emerging applications in the field of optimal control theory require the
computation of an open-loop control for a dynamical system with uncertain parame-
ters. In this dissertation we examine a class of uncertain optimal control problems, in
which the goal is to minimize the expectation of a predetermined cost functional subject
to such an uncertain system. We provide a computational framework for this class of
problems based on a discretization of the parameter space. In this approach, a set of
nodes from the parameter space and corresponding weights are selected, and the ex-
pectation of the cost functional is approximated by a finite sum. This process results
in a sequence of standard optimal control problems which can be solved using existing
techniques. However, it is well-known that an inappropriately designed discretization
scheme for an optimal control problem may fail to converge to the optimal solution,
therefore further analysis must be performed to examine the convergence properties of
the scheme. We provide this analysis for a scheme based on quadrature methods for the
approximation of the expectation in the cost functional. This analysis demonstrates that
an accumulation point of a sequence of optimal solutions to the approximate problem is

an optimal solution of the original problem. Furthermore, we examine the convergence



of the adjoint states for the approximation based on the quadrature scheme, which leads
to a Pontryagin-like necessary condition which must be satisfied by these accumulation
points. To address the exponential growth of computational cost with respect to the
dimension of the parameters, we introduce a numerical algorithm based on sample av-
erage approximations, in which an independently drawn random sample is taken from
the parameter space, and the expectation in the objective functional is approximated
by the sample mean. Using a generalization of the strong law of large numbers, we
analyze the convergence properties of this approximation. In addition, we develop an
optimality function for the class of uncertain optimal control problems based on the
Lo-Frechet derivative of the objective functional, which provides a necessary condition
for an optimal solution. By demonstrating that an accumulation point of a sequence of
stationary points for the approximate problem is a stationary point of the original prob-
lem, we demonstrate the approximation scheme based on sample averages is consistent
in the sense of Polak. These numerical algorithms for the uncertain optimal control
problem are applied to real-world scenarios from the fields of optimal search theory and

ensemble control.
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Chapter 1

Introduction

The field of optimal control has a long and storied history. In 1696 Johann
Bernoulli proposed the brachistochrone problem in which the goal is to determine the
curve which will minimize the time needed for an object to travel between two points [86].
This drew the interest of several giants of mathematics, including Leibniz, I’Hopital,
and Newton, who all proposed solutions. This gave rise to the field of variational
analysis, which is concerned with minimization problems in which the decision variable
is a function, e.g., the problem of finding the shortest path between two points or the
smallest area which can be enclosed with a specified perimeter.

Over the past century, a large research effort has been put into optimal control
problems, which differ from standard calculus of variation problems in that the function
must additionally satisfy a specific dynamic constraint. In this thesis, we focus on
optimal control problems with nonlinear dynamics and pointwise control constraints,

for example, the following optimal control problem with Bolza cost.



Bolza Problem. Find a state-control pair (x,u) to minimize the objective functional

T
J(z,u) = F(a(T)) + /0 r(2(t), u(t))dt, (1.1)

subject to the dynamical system
a(t) =f(x(t), ult)), z(0) = zo, (1.2)
and the control constraint
g(u(t)) <0 for all t € [0,T]. (1.3)

Here z : [0,T] — R™,u : [0,T7] — R™,F : R™ — R,r : R™ x R™ — R, and
f R x R™% — R",

While these problems do not typically lend themselves to direct solutions, the
celebrated necessary condition known as Pontryagin’s minimum principle provides a
Hamiltonian minimization criterion which often leads to a solution [63]. The principle
provides a boundary value problem known as the state-adjoint system. The solutions
to this boundary value problem serve as candidate solutions to the nonlinear optimal
control problem. In some special cases, this approach provides an analytic solution,
as in the case when the problem has linear dynamics and a quadratic cost functional.
However, it is well known that in general, problems with nonlinear dynamics and control
constraints are not guaranteed to admit a closed form solution. Even in these cases,
Pontryagin’s minimum principle provides a tool to solve the control problem by solving

the boundary value problem numerically.



In the class of algorithms for optimal control known as indirect methods, the
approach is to apply existing methods for the numerical solution of differential equa-
tions to the boundary value problem formulated using Pontryagin’s minimum principle.
However, indirect methods for nonlinear optimal control have two major shortcomings.
First, formulating the boundary value problem can be very labor intensive and must be
performed by an expert in the field of optimal control. Second, it is well known that
the boundary value problem resulting from Pontryagin’s minimum principle is very sen-
sitive to the initial guess. It makes a good initial guess necessary for a boundary value
problem solver to converge. For many engineering applications, finding a good initial
guess, especially for adjoint variables, is very challenging, since these adjoint variables
typically do not have clear physical meaning.

In recent decades, a new class of algorithms called direct methods have been
developed which do not suffer from these drawbacks. In this approach, a discretiza-
tion scheme is applied in the time domain, resulting in a sequence of approximating
high-dimensional nonlinear programming problems which can be solved using existing
numerical optimization techniques. However, the apparent simplicity of this approach
belies deep theoretical issues encountered when approximating optimization problems.
For each proposed discretization scheme, careful analysis must be performed to guar-
antee that the scheme provides a meaningful approximation to the optimal control
problem. Indeed, counterexamples show that an inappropriately designed discretization
scheme will lead to incorrect results when applied to control problems [14]. Therefore

it is important to demonstrate consistency of the discretization scheme, a property



which guarantees that accumulation points of a sequence of optimal solutions to the
approximate problem will be optimal solutions to the original problem. Such consis-
tency results have been demonstrated for a number of different discretization schemes,
including Euler [61], Runge-Kutta [31] and Pseudospectral [29].

Together, theoretical results such as Pontryagin’s minimum principle and con-
sistency results for direct computational methods comprise a framework in which nonlin-
ear optimal control problems can be solved numerically. In this framework, the optimal
control problem is approximated using a discretization in the time domain, and the re-
sulting approximate problem is solved using existing numerical optimization methods.
Once consistency of the discretization scheme has been demonstrated, the optimal solu-
tion to the approximate problem is known to provide a reasonable approximation of the
optimal solution to the original nonlinear optimal control problem. This numerically
computed control can then be tested against the Pontryagin minimum principle, and
controls not satisfying this necessary condition can be disregarded, as they cannot be
an optimal solution to the control problem. In this sense, Pontryagin’s minimum prin-
ciple provides a method for the verification and validation of a numerically computed
solution.

Most of the current computational nonlinear optimal control methods do not
directly address a critical issue in control system design: the appearance of the un-
certainty. Since the uncertainty is inherent to every dynamical model, lack of ability
to incorporate uncertainty limits the application of computational optimal control in

engineering applications. In this thesis we aim to overcome this shortcomings. The



uncertainty can stem from imprecise measurements of physical properties of the system
being controlled, incomplete information about the environment, or inability to predict
exactly the behavior of another agent. We focus on a class of problems we refer to as
the uncertain optimal control problem, in which the goal is to minimize the expected
cost, given a prior probability distribution for these unknown parameters. This formu-
lation allows optimal control problems which incorporate parameter uncertainty in the
intial state, agent dynamics, or the objective functional. The problem is formulated as
follows:

Problem C. Determine the control function u € Lo ([0, 1]; R™) that minimizes the

cost functional

1
J|z,u) :/Q [F (z(1l,w),w) —I—/O r(z(t,w),u(t),t, w)dt| p(w)dw (1.4)

subject to the dynamics

T(t,w) = f(z(t,w),u(t),w), (1.5)

initial condition z(0,w) = xo(w), and the control constraint g(u(t)) < 0 for all ¢ € [0, 1].
In Problem C, €2 is a space of stochastic parameters with p :  — R a probability density
function, Lo ([0, 1]; R™) is the set of all essentially bounded functions, x : [0,1] x Q
R and r : R™ x R™ x R x R™ s R.

In this thesis we provide computational framework for solving this class of
uncertain optimal control problems. The computational methods are based on a dis-
cretization of the parameter space using either a quadrature or Monte Carlo integration
scheme. A finite number of nodes are selected in the parameter space and the state vec-

5



tor for the uncertain dynamical system is approximated as a large number of decoupled
systems. In the literature, other techniques have been used to make a similar approx-
imation. The stochastic collocation [6] method is similar to the quadrature scheme in
that a finite number of nodes are selected from the parameter space and the dynami-
cal system is approximated by a tensor product of polynomials. The polynomial chaos
method approximates the random state vector by using a Galerkin projection onto a set
of orthogonal basis vectors [88]. Both the stochastic collocation and polynomial chaos
methods have been applied in the area of uncertainty quantification, in which the main
goal is to analyze the propagation of uncertain through dynamical systems, in contrast
to the mitigation of uncertainty using optimal control as studied in this thesis.
Recently, the polynomial chaos approach has also been used in an optimal con-
trol setting with parameter uncertainty for special cases of Problem C' [20,21,38,39]. In
these results, a polynomial chaos expansion is used to approximate state and/or control
trajectories; then the dynamics are discretized using a Galerkin projection. While the
performance of such polynomial chaos based discretization methods were tested through
numerical simulations on some simple optimal control problems, e.g., linear control sys-
tems with quadratic cost [20], Van der Pol Oscillator [21], there is no rigorous analysis
on the consistency and convergence of such schemes for solving uncertain optimal con-
trol problems. Similarly, Ref. [16] suggests a method in which the uncertain problem
is approximated using a quadratic Taylor expansion of the objective functional and the
results are compared to a Monte Carlo simulation, but no analysis of the consistency

properties of the method is provided. Some of this consistency analysis has been per-



formed for the related optimal search [22,23] and ensemble control [73,74,76] problems.
These results are reviewed in Sections 1.1 and 1.2.

In this thesis, our goal is to provide computational framework, with rigorous
consistency and convergence analysis, for a general class of uncertainty optimal control
problems represented by Problem C. Our interest in this problem setting has two major
motivations. First, this framework can be applied to previously considered control
problems, allowing the designers to incorporate uncertainty into the formulation of an
optimal control problem. For instance, the uncertain optimal control setting may be
used to extend trajectory optimization problems to scenarios which include uncertainty
about physical parameters in the dynamical model, characteristics of the environment,
or the behavior of other agents. Second, recent applications of computational optimal
control have brought to light problems which necessitate incorporation of uncertainty
into the problem formulation. In Sections 1.1 and 1.2 we detail two of these applications,
optimal search and ensemble control, and demonstrate how they can be formulated as

Problem C.

1.1 Optimal Search Theory

The problem of formulating an optimal search strategy for an agent attempting
to detect a moving target is one topic which has generated recent interest in this class
of uncertain optimal control problems. The field of search theory traces its origins to

the U.S. Navy’s Antisubmarine Operations Research Group in 1942. Koopman joined



in 1943 and introduced many important concepts and the basic formulation of the
problem [43]. A mathematical formulation of optimal search problem frequently used
today was provided in the seminal text of Stone [84]. This formulation of the search
problem has three main components: a model for the unknown location or motion of
the target, a model for the effectiveness of the search effort for a given strategy, and a
model for computing the probability of detecting the target when the searchers adhere
to a given search plan. Mangel [53] provides a review of the components of the problem
and various models used.

Work on the optimal search problem can be divided depending on the model
chosen for the motion of the target. The target is usually modelled as either a Markov
process (such as Brownian motion or a random walk), or as conditionally deterministic,
meaning the motion of the target depends on a random vector whose true value is
unknown to the searcher. Work on the problem of Markovian motion first focused on
calculating the posterior distribution of the target’s position [34,51,52], and developing
necessary and sufficient conditions for the search plan to be optimal [36,37,77]. Ohsumi
[55] provides a necessary condition, as well as a method to numerically calculate an
optimal search trajectory. Early studies into the conditionally deterministic problem
considered in this work focused on target motion subject to additional special restrictions
[82,83] or targets moving in discrete space [64]. The work of Ref. [64] is significant as it
is the first to develop a necessary condition for optimality in an optimal control setting.
In Ref. [49], an optimal control approach is used to derive a necessary condition in the

case of a target moving in continuous space, when the searcher’s dynamics are given by



a single integrator with box constraints.

To briefly demonstrate how the search for moving targets can be modeled as
an uncertain optimal control problem, consider the problem of a searcher looking for a
moving target in order to maximize the probability of detecting the target over some time
horizon [0, T]. Let the searcher trajectory, z(t), be determined by the dynamical system
& = f(x,u), with initial condition z¢ and control constraint g(u(t)) < 0 for all ¢ € [0, T].
Because our model incorporates nonlinear dynamics and control constraint, it can be
applied to problems with various types of vehicles, such as autonomous helicopters or
surface vessels. However, in the simulations presented in later part of this thesis (see
Section 3.5), we assume the dynamics of the search vehicle is modelled by the Dubin’s

vehicle given by

%1(t) = vcosxs(t),
Zo(t) = vsinzs(t),

3(t) = u(t), |u| < Umae

where (x1,x2) represents the position of the searcher and z3 is the heading angle. The
forward velocity, v, is a given constant. The control, u, is the turning rate with maximum
angular velocity %maq-

Now consider a moving target whose motion is assumed to be conditionally
deterministic. By conditionally deterministic we mean that the motion of the target
depends on a stochastic parameter, and if the value of this parameter were known the

location of the target would be known for all time. In other words, there exists a random



vector w € ) C R™, such that the trajectory of the target conditioned on w is given by
y(+,w). It is assumed that the probability density of w over € is known to the searchers
and is given by p: Q +— RT.

The final component of the search model is a function describing the effective-
ness of the searcher. Let 7 : R™* x R™ — R be the instantaneous rate of detection such
that the probability of detection in a sufficiently small interval [t,t + At), conditioned
on w, is given by 7(z(t), y(t,w))At. The rate function 7 is chosen to model the qualities
of sensors such as acoustic and sonar sensors. For example, for sonar type of sensors,

the detection rate function can be given by the Poisson scan model

F* — Dlfa(t) — y(t,w)|* - b

Fa(t), y(t,w) = 60
where ®(-) is the standard normal cumulative distribution function, ||z(¢) — y(t,w)|| is
the Euclidean distance between the searcher and the target, 8 is the scan opportunity
rate, F* is the so-called “figure of merit” (a sonar characteristic), and o reflects the
variability in the “signal excess”.

Denote by P(t) the probability of non-detection at time instance ¢ conditioned

on w. Then
P(t+ At) = P(t)(1 — #(x(t), y(t,w))AL).
As At — 0 we get
P(t) = exp ( - /Ot 7z (1), y(7,w))dt>.

Thus the probability that the target is not detected in the time interval [0, 7] is given

10



by the integral
T
J= / exp(— / f(:c(t),y(t,w))dt)p(w)dw. (1.6)
Q 0
If the goal is to find the control input which produces a search trajectory
to maximize the probability of finding the target, the optimal search problem can be

formulated as an optimal control problem subject to parameter uncertainty as following:

Find a state-and-control pair (x1, 2, x3,u) which minimizes the objective functional:

J = /Qexp( /OT f(:v(t),y(t,w))dt)p(w)dw,

subject to the dynamics

#1(t) = v cos (1),
Fa(t) = vsin zs(t),

3(t) = u(t), |u] < tmaw
2(0) = .

Here v, Umqez € RT and 7 : R3 x R? — RT.

It can be seen that above optimal search problem is indeed a special case of
the uncertainty optimal control Problem C, with uncertainty appearing only in the cost
functional.

Recent advances in computational power have made it possible to determine
the optimal search strategy numerically by solving this optimal control problem. Re-
cent works in optimal search focus on this aspect of the problem, providing numerical
algorithms to compute the optimal search strategy in special cases. Ref. [13] provides a

11



numerical method based on an Euler quadrature scheme for the special case of a target
moving at constant velocity in a channel. Ref. [22] uses a composite-Simpson scheme
for a problem with more general dynamics and an exponential detection function. In
addition, it provides a necessary condition for optimality and analyzes the consistency
properties of this method using the approach of Ref. [61, Chapter 3.3]. Ref. [71, 78]
provide numerical methods for problems which are discretized in both time and space.
In this thesis we extend these results to the broader class of uncertain optimal con-
trol problems, as well as providing consistency results for a number of approximation

schemes not previously considered in the context of optimal search.

1.2 Ensemble Control

A number of emerging applications in control theory require the design of a
single open loop signal to simultaneously control a large number of structurally identical
systems (an ensemble) with variance in the system parameters. The variance in system
parameters may arise from possibly complex interactions between the systems [28] or
inhomogeneity of the control signal due to physical limitations of the equipment [44,45].
This problem first arose in NMR spectroscopy and MRI, where a control law must be
developed to prepare the ensemble of nuclear spins in a specific configuration for an
experiment. Even a small variance in system parameters can cause dispersion of the
controlled state, making the system difficult to control. Over the years, a number of ad

hoc algorithms have been developed to design sequences of pulses which compensate for

12



this dispersion [44,45]. The emerging field of Ensemble Control looks to provide a unify-
ing mathematical framework to analyze such problems and provide new computational
tools which will allow extension of this framework to applications. The ensemble is
represented in this framework as a continuum of structurally identical systems indexed
by a parameter (or parameters) which governs the dynamics of the individual systems.

For example, consider the problem of trying to regulate an ensemble of har-

monic oscillators with variation in the natural frequency. This ensemble is governed by

the system
&1 (t,w) 0 —w z1(t,w) uy(t) z1(0,w) 1
= + 9 = ? (17)
Ta(t,w) w 0 xo(t,w) uz(t) x2(0,w) 0

for each w € [0,20], ¢t € [0,T], and the goal is to find a control u such that z(T,w) =0
for all w € [0,20]. The difficulty in this and other ensemble control problems is that
a single control must be used to stabilize all members of the ensemble, and a control
which stabilizes a single member with a specific parameter value may not stabilize
another member with a different parameter value. To see this, consider Figures 1.1,
which show the dispersion of states for a control computed using a Lyapunov method
for the median case (w = 10) and the worst case (w = 20) scenario.

The difficulty of stabilizing this ensemble of harmonic oscillators as well as in
designing compensating pulses for magnetic resonance experiments raises the question of
ensemble controllability: whether it is possible to design a single open loop control signal
which will simultaneously transfer all members of the ensemble from a given state to a
neighborhood of a desired final state. Here both the initial and final states may depend

13
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Figure 1.1: Dispersion of states for an ensemble of harmonic oscillators. Here a sample
of state trajectories and end states is shown for a control designed using Lyapunov
methods to stabilize a-b) the median case scenario and c-d) the worst case scenario.

on the value of the parameter for each individual system. Necessary and sufficient
conditions for ensemble controllability are provided for a number of linear and bilinear
systems in Ref. [47,48], however such conditions for the general nonlinear ensemble are
absent. Even when the ensemble can be shown to be controllable, determination of the

desired control is difficult, and it is not surprising that such a control is available in closed

14



form for only a small number of systems [48]. Therefore a new class of computational
methods must be developed to provide numerical solutions to ensemble control problems.

One approach to the development of computational methods for ensemble con-
trol stems from the field of optimal control. This approach leverages existing direct
methods for optimal control by formulating an objective functional for the ensemble
control problem such that the solution to the resulting optimal control problem achieves
the desired state transfer. One such framework is suggested in Ref. [48], wherein the goal
is to minimize the expectation of the square error of the final state. Ruths [73,74,76] ex-
tends the pseudospectral optimal control method [29,69] to this problem by considering
an approximation with a Legendre-Gauss-Lobatto (LGL) pseudospectral scheme in both
the parameter and time domains, and provides analysis of the consistency properties of
such a scheme.

By viewing the ensemble as a single system with stochastic parameters, the
problem of ensemble control can be shown to be a member of the class of nonlinear
optimal control problems with parameter uncertainty [73]. To demonstrate how this
approach can be used to formulate an uncertain optimal control problem, consider the
problem of trying to regulate the final state of the ensemble of harmonic oscillators with
variation in the natural frequency. We can formulate this as an optimal control problem
with parameter uncertainty by considering (1.7) as an uncertain dynamic system for a
harmonic oscillator whose natural frequency is a random variable uniformly distributed
on [0,20]. We introduce a quadratic objective functional, which has the property that

a minimizer to the objective will also reduce the amplitude oscillator while also keeping

15



the expended control energy in reasonable bounds.
The uncertain optimal control problem is: find a state and control pair (x,u)

which minimizes the objective functional

T

J =E" |B[(21(T,w))? + (22(T, w))?] —i—’y/o [(u1(£))? + (ua(t))?]dt

T
=BE" [(z1(T,w))? + (22(T, w))?] +7/0 [(u1(£))? + (ua(t))?]dt

Subject to the uncertain dynamical system (1.7). Here 8 and ~ are scale factors which
weight the priority of minimizing the error of the final state against minimizing the
expended control energy. This objective functional can be used to design a control
which achieves an end state in a desired neighborhood of zero, therefore the problem
of stabilizing this ensemble can be approached using the uncertain optimal control

framework considered in this thesis.

1.3 Thesis Contributions

The uncertain optimal control Problem C' formulated in this chapter has the
potential to be applied to a wide variety of optimization problems, including trajectory
optimization, optimal search theory, and ensemble control. Given the difficulty in solv-
ing standard nonlinear optimal control problems, it is not surprising that the inclusion
of the uncertain parameter and expectation of the cost functional over the parame-
ter space, combined with the nonlinear dynamics and control constraints, makes this
problem particularly challenging. The literature presents several numerical methods for
special cases of this problem which are based on direct methods for optimal control,

16



using either a Euler [13], Composite-Simpson [22, 23], or LGL-quadrature [73, 74, 76]
discretization of the parameter space. However, given the range of possible applications
which can be addressed in the uncertain optimal control setting, it is desirable to have
a unified computational framework providing results for the entire class of uncertain
optimal control problems.

The motivation of this dissertation is the development of this framework, in-
cluding algorithms for the numerical solution of this class of problems as well as nec-
essary conditions for validity and verification of numerically computed solutions. Our
approach is based on discretization of the parameter space using a numerical scheme
to approximate the expectation in the objective functional. The resulting approximate
problem is a standard optimal control problem which can be solved using existing di-
rect methods for standard optimal control problems. In this sense our framework is
an extension of direct methods for computational optimal control to problems with pa-
rameter uncertainty. We expand upon previous approaches for the optimal search and
ensemble control problems by demonstrating that any convergent quadrature scheme
will produce a discretized problem which is a meaningful approximation of the original
problem. Furthermore, we demonstrate a method based on sample average approxi-
mations which can be used to approach a problem with a large number of stochastic
parameters. In addition, we determine necessary conditions for optimality for the class
of uncertain optimal control problems, both in the form of an extension of Pontragin’s
minimum principle and an optimality function based on the Lo-Frechet derivative of

the objective functional. By extending a broad range of results from computational op-
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timal control to the uncertain optimal control problem, we hope to provide a roadmap
for new algorithms and approximation methods to be developed for the new problem

setting with parameter uncertainty.

1.3.1 Numerical Methods for the Uncertain Optimal Control Problem

We provide a class of numerical methods for the solution of the uncertain op-
timal control problem based on a discretization scheme in the parameter space. In this
approach, a set of nodes and weights are chosen from the parameter space, and the
expectation in the objective functional is approximated by a finite sum. The result
is a sequence of approximating nonlinear optimal control problems with a Bolza form
objective functional. The advantage of this method is that the approximate problem
can be solved using existing techniques for computational optimal control [29, 41, 79].
Although the application of this approximation scheme to the uncertain optimal control
problem is straightforward, the numerical framework must be carefully analyzed as it
is known that inappropriately designed discretization schemes for optimal control may
produce incorrect results [14]. Therefore, each proposed discretization scheme must be
demonstrated to provide an approximate control which is a reasonable approximation
to the optimal control for the original problem. We provide this analysis for a variety
of discretization schemes, focusing on classes of algorithms based on either numerical
quadrature or Monte Carlo integration for the approximation of the objective functional.
We contrast this work to consistency and convergence results on standard optimal con-

trol problems, for example results in Ref. [29,41,42,61], as the discretization in this
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work occurs in the parameter space rather than the time domain.

Some aspects of this analysis have been carried out in special cases for algo-
rithms based on a numerical quadrature approximation of the uncertain optimal control
problem. Ref. [22,23] uses a composite-Simpson integration scheme to discretize a two-
dimensional parameter space and develops a computational method for solving a reduced
version of this class of problems. They also analyze the performance of the computa-
tional method using Polak’s consistent approximation theory [61]. Ref. [75] provides
consistency and convergence results for a particular computational method based on a
LGL-pseudospectral approximation in both the parameter and time domains. In this
dissertation we extend these results by demonstrating that any convergent quadrature
scheme will produce an approximation of the uncertain optimal control problem which
is consistent in the sense that an accumulation point of a sequence of approximate global
minimizers will be a global minimizer to the original problem. Establishing this property
for a variety of quadrature schemes is important because the convergence properties of
the state variables depend on the collocation nodes chosen for the parameter space [88].

While algorithms based on numerical quadrature may be efficient for problems
with low-dimensional parameter spaces, such schemes are inherently limited by the curse
of dimensionality. Indeed, the dimension of the approximate problem increases exponen-
tially with an increase in the number of stochastic parameters, which renders solution
of the approximate problem intractable for problems with even a modest number of
parameters. This difficulty is inherent to the approximation of dynamical systems with

stochastic parameters and other techniques such as polynomial chaos are also subject
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to the curse of dimensionality. Therefore, in many cases Monte Carlo simulation is
required to approximate an uncertain dynamical system [6], and consistency results for
a Monte Carlo based scheme for the uncertain optimal control problem are desirable.

We propose a sample average approximation approach to the uncertain opti-
mal control problem which is applicable for high-dimensional problems. In this method,
an independently distributed random draw is taken from the parameter space, and the
expectation in the objective functional is approximated by the sample average. Farly
work on the sample average approximation approach to stochastic optimization can be
found in [3,5]. These results provide a foundation for our analysis on the uncertainty
optimal control problems. For a treatment of cases in finite dimensions; see [81]. When
applied to a problem with a finite-dimensional decision space, sample average approxi-
mation produces a sequence of approximating nonlinear programming problems. When
applied to the uncertain optimal control problem, it produces a sequence of nonlinear
optimal control problems which can be solved using existing direct methods. Because
the number of nodes sampled does not depend on the dimension of the parameter space,
this method does not suffer from the same curse of dimensionality as the previously-
considered quadrature method.

However, the difference in convergence properties between numerical quadra-
ture and the strong law of large numbers for sample averages means that the analysis
performed for the quadrature discretization scheme is not appropriate for the sample
average scheme. Instead, we take an approach from Polak’s seminal text on approxima-

tion of optimal control problems (see Polak [61, Chapter 4] or Section 2.3), which uses
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tools and concepts from variational analysis. In this approach, the convergence proper-
ties of the approximate problem are established by demonstrating the epiconvergence of
the sequence of approximate objective functionals. We provide a consistency result for
the uncertain optimal control framework using an extension of the strong law of large

numbers to random lower semicontinuous functions.

1.3.2 Necessary Conditions for the Uncertain Optimal Control Prob-

lem

Many algorithms for the numerical solution of the standard optimal control are
based on necessary conditions for optimality such as the Pontryagin minimum principle.
Research into such necessary conditions may also provide insight into the nature of the
solutions of the uncertain optimal control problem as well as new numerical tools. In ad-
dition, necessary conditions can be used for validation and verification of a numerically
computed solution. In this work we provide necessary conditions for the uncertain op-
timal control problem by extending existing theoretical results on the standard optimal
control problem with Bolza cost. We provide two separate sets of necessary conditions.
The first is a Pontraygin-like necessary condition derived by analyzing the convergence
properties of the dual problem for an approximation based on numerical quadrature.
The second is an optimality function based on the Lo-Frechet derivative of the objective
functional for the original uncertain optimal control problem.

For the uncertain optimal control Problem C discussed in Section 1.3.1 a

Pontryagin-like necessary condition is provided using the quadrature numerical method.
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In this approach the parameter space is discretized and the expectation in the objective
functional is approximated using a quadrature scheme, resulting in a sequence of approx-
imating standard optimal control problems. Because these problems have a Bolza-type
objective functional, they can be dualized using the Hamiltonian and adjoint variables
of Pontryagin’s minimum principle. We demonstrate convergence properties of this se-
quence of dual problems by analyzing the convergence of the approximate Hamiltonians
and adjoint variables. This analysis provides a Pontryagin-like Hamiltonian minimiza-
tion property for optimal solutions for the original problem which are accumulation
points of a sequence optimal solutions to the approximation problem. This condition
can be used for verification of numerical solutions for the uncertain problem which are
calculated using the proposed quadrature framework.

In addition, we use the approach of Polak [61] to develop a necessary condition
based on the Lo-Frechet derivative of the objective functional, as well related conver-
gence results. The necessary condition is given in the form of an optimality function,
which is a nonpositive upper semicontinuous function which must be zero when evalu-
ated at any optimal solution. A decision variable which satisfies this necessary condition
is called stationary. We demonstrate that the sample average approximation scheme will
produce a sequence of approximate optimality functions which are epiconvergent, which
implies that an accumulation point of a sequence of approximately stationary points is
stationary. We therefore demonstrate that the scheme based on sample average approx-

imations is consistent in the sense of Polak [61, Section 3.3].
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1.4 Outline

The dissertation is organized as follows. Chapter 2 introduces preliminary
mathematical concepts and tools which are used to establish the main results of the
dissertation. Chapter 3 introduces an uncertain optimal control problem in which the
uncertainty occurs only in the objective functional as well a quadrature based numerical
method and necessary conditions for this problem. The results are also extended to
problems with uncertain parameters in the dynamics and initial conditions in Section
3.6 of this Chapter. Chapter 4 provides a numerical method for the uncertain optimal
control problem based on sample averages, as well as a necessary condition based on
the Lo-Frechet derivative of the objective functional. Chapter 5 provides concluding

remarks for the dissertation as well as comments on future research.
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Chapter 2

Preliminary Mathematical Concepts and

Tools

In this chapter we review concepts and mathematical tools which are essential
in establishing the main results of this work. The focus of this dissertation is the
development of a computational framework for the numerical solution of optimal control
problems with stochastic parameters, therefore in this chapter we hope to familiarize
the reader with recent work in the fields of computational optimal control and stochastic
optimization.

Section 2.1 introduces Pontryagin’s minimum principle, a set of necessary con-
ditions for nonlinear optimal control problems which can be used to verify and validate
numerically computed solutions, or alternatively to demonstrate the validity of a nu-
merical algorithm for solving optimal control problems. Section 2.2 introduces the class

of direct computational optimal control methods, wherein the continuous-time control
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problem is approximated by a discretized high-dimensional constrained nonlinear opti-
mization problem. Section 2.3 discusses Polak’s theory of consistent approximations for
optimal control problems [61], which uses tools from variational analysis to demonstrate
the validity of a class of direct methods for optimal control. Section 2.4 introduces sam-
ple average approximations, a method which can be used to approximate optimization

problems with stochastic parameters using Monte Carlo integration techniques.

2.1 Optimal Control and Pontryagin’s Minimum Principle

In this section we introduce the standard nonlinear optimal control problem
as well as Pontryagin’s Minimum Principle, a theoretical result which is the underlying
basis of a number of algorithms for the solution of this problem. The goal in the
standard nonlinear optimal control problem is to find, among all admissible state-and-
control pairs for a dynamical systems, the pair which will achieve the minimum of a
predetermined cost functional. A state-and-control pair is said to be admissable if it
satisfies the dynamical system as well as a set of pointwise inequality constraints on
the control. In this work we consider systems in which both the dynamical system and
inequality contraints may be nonlinear. A standard optimal control problem can be
stated as follows:

Find a state-control pair (x,u) to minimize the objective functional

T
J(z,u) = F(z(T)) —l—/o r(x(t), u(t))dt, (2.1)
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subject to the dynamical system

() =f(x(t), u(t)), z(0) = o, (2.2)

and the control constraint

g(u(t)) <0 for all t € [0,T]. (2.3)

Here x : [0,T] — R"™ u : [0,T] — R™ F : R"™ — R;r : R"™ x R"™ — R, and
[ R™ x R™ — R",

The form of the objective functional (2.1), which consists of both an end-
point cost and a running cost, is referred to as a Bolza type cost functional. Note
that it is possible for an optimal control problem to have state dependent constraints,
for example, pure state constraint p(x(t)) < 0 for all £ € [0,T], or mixed state-control
constraints, h(x(t),u(t)) < 0 for all ¢t € [0, T]. In this thesis, we limit our discussion on
control constraint only.

For the considered constrained optimal control problem, the celebrated Pon-
tryagin’s Minimum Principle provides a set of necessary condition for the optimal solu-
tion. Under mild regularity conditions, Pontryagin [63] proved that every local optimal
solution (z*(t),u*(t)) associates to a costate (dual) variable, A(¢). The primal opti-
mal solution, (z*(t),u*(t)), and the dual variable, \(¢), satisfy a differential-algebraic
equation with certain boundary conditions called transversality conditions. For the
considered control-constrained optimal control problem, the necessary conditions are

summarized in the following.
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Proposition 2.1.1. Pontryagin’s Minimum Principle [63]
Let (x*,u*) be an optimal solution to the problem defined by (2.1-2.3). Then there
exists an absolutely continuous costate variable X : [0,1] — R* and Hamitonian H :

R™ x R™ — R such that the following are satisfied:

H(x, N\, u) =f(x, u)T)\ + r(x(t),u(t)),

. oH
xT _ﬁ’ .I‘(O) = Zo,
[ %I;, A1) = Fy(a(T))

Furthermore u* satisfies the Hamiltonian minimization condition

u*(t) € arg min H(z™, \*, u) for almost every t € [0,T.
9(u)<0

For some simple optimal control problems, for example, linear quadratic prob-
lems, the state-adjoint system for x and A lends itself to a straightforward solution
when the Hamiltonian minimization criterion is applied. In these cases the necessary
condition provides a tool to determine a closed-form solution to the problem. However,
for most nonlinear or constrained optimal control problems, the closed form solution to
the necessary conditions cannot be analytically obtained; and numerical algorithms are

needed to compute the optimal solutions.

2.2 Computational Optimal Control

It is well-known that an optimal control problem can be very difficult to solve
analytically when the dynamics associated with the system to be controlled are nonlinear
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[11,12]. When the boundary value problem provided by Pontryagin’s minimum principle
does not admit a closed form solution, it may be possible to compute a numerical
solution using an existing discretization technique for the solution of ordinary differential
equation. The resulting approximate solution to the dual problem (necessary conditions)
will converge as the number of nodes used in the discretization increases. This process
of dualization and discretization of the optimal control problem is referred to as an
indirect method for the numerical solution an optimal control problem and has been
used successfully to solve control problems from a wide range of application areas.
However, indirect methods for optimal control pose several computational difficulties.
First, the dualization step in this process may be very labor intensive and must be
performed by an individual knowledgeable in the field of optimal control. Second, the
boundary value problem resulting from the dualization step is extremely sensitive to
the initial guess for the optimal control.

In the last decades, great progress has been made in the development of a class
computational algorithms for constrained nonlinear optimal control problems which are
based on the direct discretization of the time domain. These so-called direct methods
avoid the numerical instability inherent in indirect schemes, and in addition do not
require the user to explicitly determine the state-adjoint equations for the control prob-
lem. Instead, the direct scheme uses quadrature to approximate the objective functional
and collocation to approximate the dynamics for the new discretized time variable. The
result is a high-dimensional nonlinear programming problem which can be solved using

existing techniques. A variety of computational algorithms have been developed based
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on direct methods, using discretization schemes including Euler [61], Chapter 4, Runge-
Kutta [41,79], and Pseudospectral [29,42,69]. These computational optimal control
methods have achieved great success in many areas of control applications [7,13,40,54].

To demonstrate such a direct discretization method, consider the Euler scheme,
in which the problem is discretized by selecting N number of nodes in the time domain.
For simplicity, the nodes are assumed to be uniformly distributed; and the dimensions
of the state and control are assumed to be 1, i.e., n, = n, = 1. The state trajectory
z(t) is approximated by the vector 2V = (¥, 28, ...2%) € RY and the control u(t) is
N

ull, ..., ul) € RN, Here (2, ud) are approximated

approximated by the vector u N TH

state and control at node t;, i.e., (x(t;),u(t;)) ~ (x
The approximate optimal control problem is then: find (2, u") € RV x RY

which minimizes the objective functional

IN@N ulN) = F(2Y) + i\f: r(zN, ul¥)At, (2.4)
i=1
subject to the difference equation
a:f-il :xlN + f(xlN,uZN)At, w{v =z, At :%, (2.5)
and the control constraint g(ulY) < 0 for every i € {1,...,n}.

The advantage of this approach is that the approximate problem is a non-
linear programming problem and can therefore be solved using existing methods such
as sequential quadratic programming. However, the apparent simplicity of such an

approximation scheme belies deep theoretical issues inherent in the approximation of
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optimal control problems. Indeed, it can be demonstrated that for nonlinear opti-
mal control problems, an inappropriately designed discretization scheme may not be
convergent [14]. Therefore particular care must be taken when determining a numeri-
cal scheme for solution of nonlinear optimal control problems, and any chosen scheme
must be proven to provide an appropriate approximation to the problem. For example,
Hager [31] demonstrates that a standard Runge-Kutta discretization for the numerical
solution of dynamical systems may fail to provide the correct solution when used to dis-
cretize an optimal control problem. By employing Pontryagin’s minimum principle to
analyze the convergence of the adjoint variables, he is able to demonstrate that adding
additional constraints to the coefficients used in the discretization scheme will guarantee

the convergence of the solution of the approximate problem to the optimal control.

2.3 Consistent Approximation of Optimal Control Prob-

lems

In this dissertation we draw heavily on results from Polak’s seminal text on
the consistent approximation of optimal control problems [61]. In this work, Polak
presents a theoretical framework to assess the convergence properties of discretization
schemes for optimal control problems using concepts from the field of variational anal-
ysis. In the absence of convexity, it is generally not possible to determine whether a
discretization scheme will lead to a numerical solution which is a meaningful approxi-

mation of the optimal control for the original problem. Polak introduces the concept
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of consistency, a property which guarantees that an accumulation point of a sequence
of approximately optimal solutions will be an optimal solution to the original problem.
To establish the consistency result for an approximation scheme he uses the notion of
epiconvergence, which is a natural setting to address the approximation of an objective
functional because an epiconvergent sequence preserves some properties of the inf and
arg min operators. For the purpose of this section, we will refer to the admissable set
of our optimization problem as U, the decision variables as € U, and the objective

functional as h : U — R.

Definition 1. [/ Let (U,d) be a separable complete metric space. Consider the se-
quence of lower semi-continuous functions hyy : U — R. We say that hyy epiconverges

to h, denoted hyy —°P* h, if and only if
i) liminf har(nar) > h(n) whenever nay — 0,
ii) lm hpr(nar) = h(n) for at least one sequence nyy — n

The following proposition demonstrates that a numerical scheme which pro-
vides an epiconvergent sequence of approximate objective functionals is appropriate to

solve a nonlinear optimization problem.

Proposition 2.3.1. [/, Theorem 2.5] Theorem 2.5. Let (U,d) be a separable complete
metric space. Consider the sequence of lower semi-continuous functions hyr : U — R.
Suppose that hyy epiconverges to h. If {n™}aren C U is a sequence of global minimizers

to har, and 1 is any accumulation point of this sequence (along a subsequence indexed
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by a set K C N), then 7 is a global minimizer of h and limprex inf,ecy har(n™M) =

inf,cu h(n).

Proposition 2.3.1 can be used to show that the Euler scheme defined by (2.4)-
(2.5) can be used to determine the optimal solution of the optimal control problem
(2.1)-(2.3). By evaluating the epiconvergence of the approximate objective functional
(2.4) it can be shown an appropriate method of solution of the original optimal control
problem is to solve the approximate problem with N nodes and analyze the convergence
properties of the sequence {u} }3_; of approximate optimal controls. If a sequence of
approximately optimal controls {u}, }%_; converges to a control u*°, then u™ is known
to be an optimal solution of the original optimal control problem.

An additional component of Polak’s theory of consistent approximations is
the development of a necessary condition and analysis of its convergence properties as
the number NV of nodes used in the approximation approaches infinity. He presents an
alternative necessary condition to Pontryagin’s minimum principle based on optimality

functions derived using the Lo-Frechet derivative of the objective functional.

Definition 2. [61] Consider the problem of finding n € U to minimize the objective
functional h : U +— R. An upper semi-continuous function 6 : U — R is an optimality

function for this problem if:
i) 0(n) <0 for alln € U.

ii) If n is a local minimizer of B, then 6(n) = 0.
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A point that satisfies 8(n) = 0 is called a stationary point of the optimality
function, and it is clear from this definition that every optimal solution to this problem
must be stationary. An approximation is called consistent if it approximates both the

objective functional and optimality function well.

Definition 3. [61] Let U be a complete separable metric space, let WM : U — R, h :
X — R be lower semi-continuous functions, and let 6™ : U — R,0 : U — R be
non-positive upper semi-continuous functions. We say that the pair {hM, GM}MGN s a

consistent approximation to the pair {h,0} if:
i) har = h.
ii) If {nam}35—1 is a sequence converging to n, then limsupy,_, Or () < 0(n).

Note that the convergence property in Definition 6.ii guarantees that in a con-
sistent approximation, an accumulation point of a sequence of approximately stationary

points will be a stationary point of the original problem.

2.4 Sample Average Approximations

Sample average approximation is a technique for the solution of an optimiza-
tion problem in which the goal is to minimize the expectation of a predetermined cost
functional over a space of stochastic parameters. Consider the problem of finding a
decision variable 7 € U which minimizes the objective functional E”[h(n,w)], where

(Q, P,X) is a probability space and h : U x Q — R. The sample average approach is to
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take an independent P-distributed draw {wZM f\il from ) and approximate the objec-
tive functional EF[A(,w)] by the sample average 1 SSM (-, wM). For a treatment of
sample average approximation techniques for problems with finite dimensional decision
spaces, see Ref. [81].

While the strong law of large numbers guarantees the almost sure convergence
of the approximate objective values for a fixed decision variable, this does not guarantee
convergence of the sequence of approximate problems. Ref. [3,5] provide an extension of
the strong law of large numbers to random lower semincontiuous functions which can be
used to determine the convergence properties of the sequence of approximate objective
functionals. This allows the consistency properties of the approximation scheme to be
analyzed using Polak’s theory of consistent approximations [61], discussed in Section

2.3.

Definition 4. [5] Let (U,d) be a separable complete metric space with B the Borel field
generated by the open subsets of U. Let P be a probability measure on the measurable
space (2, %) such that ¥ is P-complete. A function h : U x Q — R is a random lower

semi-continuous if and only if:
i) for allw € Q, the function n+— h(n,w) is lower semi-continuous,
ii) (n,w) — h(n,w) is B® X measurable.

In probability theory, the strong law of large numbers guarantees the almost
sure convergence of the sample average as the number of samples drawn approaches
infinity. The following proposition extends this result to random lower semi-continuous
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functions.

Proposition 2.4.1. [3, Theorem 2.53] Let (0, %, P) be a probability space such that ¥ is
P-complete. Let (U,d) be a separable complete metric space. Suppose that the function
h:UxQ+— R is a random lower semi-continuous function and there exists an integrable
function ag : Q — R such that h(n,w) > ag(w) almost surely. Let {w1,...,wp} be an

independent P-distributed random draw and define

M
1
h(77>w17 s awM> = M Zl h(nawl)
1=
Then, as M — 0o, h(z,w, . .. ,wyr) epiconverges almost surely to EX[h(n,w)].

This result, combined with the theory of consistent approximations introduced
in Section 2.3, is used evaluate the validity of a sample average scheme for optimal
control by demonstrating the epiconvergence of the objective functionals and optimality

functions in Chapter 4.

35



Chapter 3

Quadrature Approximation of an

Uncertain Optimal Control Problem

In this chapter we introduce a class of optimal control problems which incor-
porate parameter uncertainty into the cost in the form of an expectation over a space of
stochastic parameters in the objective functional. These problems may be encountered
in applications from optimal search for moving targets [22,23,51,52]. We consider a
class of algorithms for the numerical solution of these problems based on a quadra-
ture approximation of the expectation in the objective functional. In this approach,
a set of nodes and weights are chosen from the parameter space, and the expectation
is approximated by a finite sum. The advantage of this method is that the resulting
approximate problem is a standard optimal control problem which can be solved using
existing techniques [29,41,79]. Our goal is to provide a rigorous analysis of the con-

vergence properties of these algorithms as well as necessary conditions which must be
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satisfied by the solutions.

Some aspects of this analysis have been carried out in special cases. Ref. [22,23]
uses a composite-Simpson integration scheme to discretize a two-dimensional parameter
space and develops a computational method for solving a reduced version of this class
of problems. They also analyze the performance of the computational method using
Polak’s consistent approximation theory [61], Section 3.3. In this chapter we extend
these results by demonstrating that any convergent quadrature scheme will produce an
approximation of the uncertain optimal control problem which is consistent in the sense
of Polak [61]. Establishing this property for a variety of quadrature schemes is important
because the convergence properties of the state variables depend on the collocation
nodes chosen for the parameter space [6]. In addition, we provide a Pontryagin-like
necessary condition which must be satisfied by an optimal solution computed by the
given numerical method. We contrast this work to consistency and convergence results
on standard optimal control problems, for example results in Ref. [29,41,42,61], as the
discretization in this work occurs in the parameter space rather than the time domain.

Although we focus in this chapter on a class of problems in which the un-
certainty occurs only in the objective functional, this approach can be extended to
problems with uncertainty in the agent dynamics and initial state. An analysis of such

an extension is given in Section 3.6.
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3.1 Formulation of the Uncertain Optimal Control Prob-

lem

In a standard nonlinear optimal control problem, the objective functional is
of the Bolza type, which consists of an end cost as well as an integral over the time
domain. In this section we introduce a class of non-standard optimal control problems
in which the objective functional involves an expectation of a Bolza-type integral over
a space of stochastic parameters:

Problem B. Determine the function pair {z,u} with z € Wj ([0,1;R"),u €

Lo ([0,1]; R™) that minimizes the cost functional

J:/Q [F (a;(l),w)+G(/Olr(g;(t),u(t),t,w)dt)}p(w)dw

subject to the dynamics

w(t) = fz(t), u(t)), (3.1)

initial condition z(0) = ¢, and the control constraint g(u(t)) < 0 for all ¢ € [0, 1].

In Problem B, W; ([0, 1]; R™*) is the space of all essentially bounded functions
with essentially bounded distributional derivatives, which map the interval [0, 1] into
the space R™, and Lo ([0, 1]; R™) is the set of all essentially bounded functions. The
function p is a continuous probability density function for the stochastic parameter
w € Q C R™ and we allow r to be vector valued: that is, r : R® x R™ x Rl x R™
RE, G :RE — R,

Given the difficulty in solving standard nonlinear optimal control problems,
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it is not surprising that the inclusion of the expectation of the cost functional over
the parameter space, combined with the nonlinear dynamics and control constraints,
makes Problem B particularly challenging. In this work we propose a computational
framework for the solution of the uncertain optimal control Problem B. Based on the
numerical approximation of the integral over the stochastic parameters in the objective
functional, the considered uncertain optimal control problem can be approximated by
a sequence of standard nonlinear optimal control problems, which can in turn be solved
using existing computational methods such as Runge-Kutta [41,79] and pseudospectral
[29] approaches. To ensure meaningful results in this computational framework, it
is essential to guarantee that the discretization schemes provide valid approximations
to the original non-standard optimal control Problem B. Indeed, even for standard
optimal control problems, there are counterexamples showing that an inappropriately
designed discretization may not be convergent [14]. In this chapter, we show that
the proposed computational framework approximates the optimal solution to the non-
standard optimal control problem under mild assumptions. In particular, we show in
Section 3.3 that the approximation based on the discretization process satisfies a zeroth-
order consistency property. That is, accumulation points of a sequence of optimal
solutions to the approximate problem are optimal solutions to the original uncertain

optimal control problem.
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3.2 Discretization of the Uncertain Optimal Control Prob-

lem

In this section we present a computational framework for solving the non-
standard optimal control Problem B by using a numerical scheme to approximate the
integral over the stochastic parameters in the objective functional. The following regu-

larity conditions are assumed.

Assumption 1. The function g : R™ +— R™ used in the definition of the control

constraint is continuous and the set U = {v € R™|g(v) < 0} is compact.

In a real world scenario the set of allowable controls will be bounded and

therefore U, being a closed and bounded set, will be compact.

Assumption 2. Let A be the set of feasible pairs to Problem B, that is the set of all
{z,u} with v € Wi o([0,1];R™), u € Loo([0,1];R™) such that u(t) € U and x(t) =
xo + fg f(z(s),u(s))ds for allt € [0,1]. Then there exists a compact set X C R"* such

that for each feasible pair {x,u} € A we have x(t) € X for all t € [0,1].

This assumption essentially requires for all bounded controls that there is
no finite escape time. A large class of nonlinear systems satisfy this assumption, for
example, input-to-state stable systems and systems for which f is globally Lipschitz or

satisfies a linear growth condition.

Assumption 3. The functions f, r and G are C*. The set Q is compact. Moreover,
for the compact sets X and U defined in Assumptions 1-2 and for each t € [0,1], w € Q,
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the Jacobian ry(-, -, t,w) is Lipschitz on the set X x U, and the corresponding Lipschitz
constant is uniformly bounded in w and t. The function F(-,w) is C' on X for all

w € Q; in addition, F and V,F are continuous with respect to w.

To approximate the integral over the stochastic parameters in the objective
functional in Problem B, we introduce numerical integration schemes that satisfy the

following assumption.

M

Assumption 4. For each M € N, there is a set of nodes {w;" };.; C Q and an associ-

ated set of weights {aZM f\il C R, such that for any continuous function h : Q@ — R,

M
/h(w)dw: lim h(wM)aM.
Q

M—o00 4 v
=1

Throughout this chapter, M is used to denote the number of nodes used in
the numerical integration scheme. Many numerical integration schemes, e.g., numerical
quadrature and Simpson’s rule, satisfy Assumption 8 and are applicable to determine

the nodes and weights.

Remark 1. Note that if hps : Q — R is continuous for all M € N and {hps} converges

uniformly to h, then

This property is frequently used later.

Once the numerical scheme is chosen, the integral over the parameter space is

approximated by a sum; and an approximate objective functional for each M € N can
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be defined by

M

gM :Z {F (z(1),w) + G(/Ol r(x,u,t,w%)dt)}p(wf\/[)af\/[. (3.2)

i=1

Now we are ready to define the approximate optimal control problem:
Problem BM. Determine the function pair {z,u}, where z € Wi o ([0, 1];R"*), and
u € Loo(]0,1]; R™), that minimizes the cost functional (3.2) subject to the dynamics
(3.1) and the control constraint g(u(t)) < 0 for all ¢ € [0, 1].

We now show that Problem BM can be reformulated as a standard optimal
control problem with a Bolza form objective functional. To this end we introduce the

auxiliary variable z : [0,1] x Q — R governed by the dynamics
Z(t,w) =r(z(t),u(t),t,w), 2(0,w) =0, Vwe Q. (3.3)
So that z(1,w) = fol r(z(t),u(t), t,w)dt. By forming the vector
Cu(t) = [z(t,wih), .., 2(t wi)]T,

we can reformulate the objective functional (3.2) as:

M
JM = Z [F (z(1),w) + G(Cari(1))] p(w)a. (3.4)
=1

This is a Bolza objective functional with an end cost. Therefore Problem B is equiv-
alent to the standard optimal control problem of finding a triplet {z,(y,u} which

minimizes the objective functional (3.4) subject to the dynamics



initial condition x(0) = o, (am,i(0) = 0, and the control constraint g(u(t)) < 0 for
all t € [0,1]. This formulation is used again when deriving a necessary condition for
Problem B.

By using a numerical scheme to approximate the integral in the objective
functional, the non-standard optimal control Problem B is discretized into a sequence of
standard optimal control problems, Problem BM. Problem BM can be solved by existing
computational optimal control methods, such as Runge-Kutta [41,79], pseudospectral

[29] methods, and indirect [8,12] type of methods.

3.3 Convergence Properties of The Discretized Problem

It is well known in computational optimal control that a convergent numerical
scheme for solving ODEs may be divergent when applied to optimal control problems [14,
29,61]. Similarly, the convergence of the numerical integration assumed in Assumption
8 does not necessarily imply solutions of Problem BM converge to solutions of the
original Problem B. The focus of this section is to show that, under Assumptions 1 —
4, accumulation points of a sequence of optimal solutions to the approximate Problem
BM as the number of nodes M tends to infinity, are optimal solutions to Problem
B. This consistency property guarantees that Problem BM is indeed an appropriate
approximation to Problem B.

Before introducing the main convergence result, we first make a note on the

notation to be used. We define the set NZ = {V C N|V infinite}. That is, NZ is the set
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of all subsequences of N of infinite length, which are designated by the index set V € N.
When M — oo as usual in N, we write limy; ... However, in the case of convergence
with respect to a subsequence designated by an index set V', we write limscy . For se-
quences of feasible pairs {zps, upr}, the notation limps oo {xrr, uar} = {x, u} will mean
that {zas, ups} converges pointwise to {z,u}. Similarly limpyev{xar, uar} = {z,u} will
refer to pointwise convergence of the state-control pair along the subsequence indexed

by V.

Lemma 3.3.1. Suppose that Assumptions 1-3 hold. Then A, the set of feasible pairs to

Problem B defined in Assumption 2, is closed in the topology of pointwise convergence.

Proof. Suppose that a sequence {zpr,upr} C A and limproo{zrr, up} = {z,u}. By
the continuity of g, u(t) € U for all t € [0,1]. Note that because f is C', it is Lipschitz

continuous on the compact set X x U. Now consider

= lim
M—o00

o) =0~ [ fla(s).u(s)ds o)~ [ Fals).u)ds = 2t

+Af®M®mM@MS

< Jim L [ la(s) = 2ar )]+ u(s) = was(s)
+l(t) = aar(t)]

where L is the Lipschitz constant of f. Because x(s), zar(s) € X and u(s), unp(s) € U,
where X and U are compact, ||z(s) — zar(s)| and [Ju(s) — ups(s)|| are bounded for all

s €]0,1] and M € N. Therefore by the dominated convergence theorem,

w@=m+AfW%M$%
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for all t € [0,1]. Hence, {z,u} € A. O

Lemma 3.3.1 shows that if {x s, ups} is a sequence of feasible pairs for Problem
B, then any accumulation point of this sequence is a feasible pair. It sets the foundation

for the following result.

Theorem 3.3.2. Suppose that Assumptions 1-8 hold. In addition, suppose that there

ezists V € NZ and a set of optimal pairs {x%;, wi;} mev for Problem BM such that
l' * * — [e.e] oo .
]ng%/{wM?uM} {‘T , U }

Then {z°°,u>} is an optimal solution to Problem B.

Proof. By Lemma 3.3.1, {x*°,u} is a feasible solution to Problem B. Next, we prove
the optimality of {#*°,u*>°}. From Assumption 3, r is bounded and Lipschitz on X X
U % [0,1] x Q and G is uniformly continuous on (X, U, [0, 1],Q). From the Lipschitz

continuity of r, we have, for all w €

1
/0 [l (s (), ups (), 8, w) — 7 (2™ (8), u™ (), 1, w)||dt

1
< / s (1) — 2 (0)] + [ (8) — u=(8) .

By the dominated convergence theorem,

1
1\141161%//0 [ () = 2> (O] + lupy () = u> ()] dt =0

and this convergence must be uniform in w. Then by the uniform continuity of G and

the continuity of F', for each ¢ > 0, there must exist NV € N such that for each M € V

45



with M > N the following statements hold for all w € €2

1 (2 (1), w) = F (2%(1), )| <5

This implies, by the statement in Remark 1,

li M * * — 00 4,
Mlg%/J (@hrs upr) = J (2%, u™)

Let {z,u} be an arbitrary feasible pair for Problem B. Then, based on the optimality

of {z%,,uy,}, JM (2%, uhy) < JM(z,u) for all M € V. Thus

0o 00y _ ;i M, .* N < M — )

Therefore {z>°,u>} is an optimal pair for Problem B, since it produces the minimum

cost among all feasible solutions. O

Theorem 3.3.2 shows that if a subsequence of optimal solutions to Problem
BM converges, this limit point is an optimal solution to Problem B. Based on Theorem
3.3.2, one can apply existing computational optimal control algorithms to solve Problem
BM  If the solution sequence is observed to be convergent as M increases, then its limit

point is an optimal solution to the original non-standard optimal control Problem B.

Remark 2. We refer to an approximation in which accumulation points of a sequence
of optimal solutions to the approximate problem are optimal solutions to the original
problem as a zeroth order consistent approximation. We contrast this condition to that
of Polak [61], Section 3.3, which in addition requires a condition on stationary points.
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We note that the consistency property in Theorem 3.3.2 differs from the consistency
results in Ref. [29, 41, 42, 61] because the discretization occurs in the parameter space
instead of the time domain. This results in a sequence of standard optimal control
problems which can be further approximated using existing time discretization schemes

[29, 41, 79).

Note that Theorem 3.3.2 does not ensure the existence of an accumulation
point. However, using a generalized Helly’s Selection Theorem from Ref. [19], we can

guarantee the existence of a convergent subsequence for a certain class of controls.

Definition 5. [19] Let (Y,d) be a metric space and h : [0,1] — Y. A function h is
of bounded variation if there exists B > 0 such that for any partition 7,0 < tg < t; <
s <tp < tpp1 < 1, we have Y1 g d(h(tis1, h(ti)) < B. The variation of h is defined
as
n
Vi, = sup Z d(h(tiy1), h(t:))
T =0
We say family H of functions is of uniformly bounded variation if there exists a C' > 0

such that for each h € H, we have h : [0,1] — Y and V}, < C.

Corollary 3.3.3. Suppose Assumptions 1-8 hold, and in addition there exists V & NZ
and a set of optimal solutions {x%;, u%;} ey to Problem BM, such that {u},}nev have

uniformly bounded variation. Then there exists V! C V such that imprey{z},, vl } =

{z%°,u>®} for some {x°°,u>} € A.

Sketch of Proof: Because & = f(z,u) and f is bounded on X x U, {z},}mev is
of uniformly bounded variation on X. Therefore {z},,u},} is of uniformly bounded

47



variation on X x U. Furthermore, {z},(t), u},;(t)}mev is relatively compact, as it is a
subset of a compact space. Therefore by the generalization of Helly’s Selection Theorem
[19], there exists a V' C V such that limyey {2}, u}, } = {2°°, 0>} . O

It is known that for constrained optimal control problems, the optimal control
often belongs to the class of bang-bang controllers, and are piecewise differentiable. If
the first derivatives and number of jump discontinuities are bounded, the controls will
satisfy the hypothesis in Corollary 3.3.3. Therefore the existence of an accumulation
point of optimal pairs to Problem BM can be guaranteed in this case. From Theorem

3.3.2, it is known that this accumulation point is an optimal pair to Problem B.

Remark 3. The reader may notice that we have used pointwise convergence of the state
and control to establish the optimality result instead of a weaker condition such as LP
convergence. The result of Theorem 3.3.2 can be established using the L' convergence of
the state and control, therefore it will hold under this weaker assumption. However, in
this work we focus on the stronger condition of pointwise convergence, as it is necessary

to establish the Hamiltonian minimization condition considered in Section 3.4.

Example 1. We demonstrate the convergence properties on a simplified uncertain
optimal control problem for which an analytic optimal solution can be derived. Consider

the problem of minimizing the cost functional

=[([ 3 [(r0lt) — n)? + 020t s
k=1

T = [w,...,wk]" with wg, k = 1,2,..., K, be independent random variables

where w
with joint distribution p(w), subject to dynamics & (t) = ug(t), and initial condition
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zk(0) = 0, £k = 1,2,..., K. In optimal search context, this objective function can
represent the K-dimensional distance to a stationary target at position (wy,ws,...,wk)

with a penalty function u} (¢) intended to keep the control within reasonable bounds.

M M

For parameter wy, we can assign a set of nodes {wk =, and weights {ak i
to approximate the integral over the parameter space based on any numerical integra-
tion scheme that satisfies Assumption 8. Remember that the random variables wy are

independently distributed. We define p; to be the corresponding probability densities,

and introduce the following notations
M
M M M M M
Cx :ZP (sz)akw - H » € :Hck :
i=1 £k k

Using these notations, the discretized uncertain optimal control Problem B can be
written as: minimizing

K M 1

M M2 2 My M

SN[ [ an®) - wlly? + a0t pu(ihal

k=1 i=1 70
subject to &p(t) = ug(t), xx(0) = 0, & = 1,2,..., K. This is a standard quadratic
linear optimal control problem, which can be solving analytically using the Pontryagin

Minimum Principle. The closed-form optimal trajectory and control are given by

, 1 M My M el e
T (1) = s Zwk,ipk(wk,i)akz,i<1 - W)
of _ 2t
“kM Zwkzpk W/m k,z’ 11 e2

From the definition of c]k\/[ , c]l/[k and the convergence of the numerical scheme, we have
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Lmps—oo cﬁ/[ = limp— oo c]f[k =limp; oo ™ =1, and
M
: M M\ M _ —
lim E wk,ipk(wk,i)ak,i = Wk,

M —o00 4
=1

where w), = fQ wip(w)dw. Therefore, the optimal solution of Problem B i v i b

has a limit point as M — oo, given by

. ‘ . ) ot + 2t

ap(t) = ]\}gnoo g (t) = Wp (1 - W)v (3.5)
. . . et — 2t

up(t) = A}gnoouk,M(t) = —Wkﬁ (3.6)

According to Theorem 3.3.2, it can be concluded that z7 is the optimal trajectory for
the considered non-standard optimal control problem and uj is the corresponding opti-
mal control. In this example, because the solution to the approximate optimal control
Problem BM can be given in closed form, it is possible to demonstrate the pointwise
convergence of the approximate state and control. In scenarios where the approximate
optimal control problem cannot be solved analytically, the pointwise convergence prop-

erty required in Theorem 3.3.2 can be verified numerically.

3.4 Convergence in the Adjoint Variables

In this section we analyze the convergence of the adjoint variables and Hamil-
tonian of Problem B™ and provide a necessary condition which is satisfied by accumu-
lation points of a sequence of optimal solutions. In Section 4.1 we showed that by intro-
ducing an auxiliary vector (u(t) = [2(t,wi), ..., 2(t,wdD)]T, where z is given by (3.3),
Problem BM can be reformulated as a standard optimal control problem with a Bolza
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cost. It therefore admits the Hamiltonian HM : R x R™ x RM x RM x R™ x [0, 1] — R
given by
HM(xv )‘7 CMa Na, W, t) :xTA + [CM]TTIM

M

=[f(z, u)]T)\ + Z [ (z,u,t, wZM) ]TnM,z‘, (3.7)

=1

where A and n); are the adjoint variables (costates) corresponding to = and (s respec-
tively. By Pontryagin Minimum Principle [33], if {z},,u},} is an optimal solution to
Problem BM | then there exist absolutely continuous costates A%, and 7%, such that the

following conditions hold for almost every ¢ € [0, 1]:

uig(t) € argmin Y (2 (8), Ny (8), i (6), mas (1), w, 1),

uelU
. M
Aia(t) = —%HM (2326, My (0, Cor (0), s (), g (6, ).
M
50 (0) = — P (03 (00, X (1), Cr(0)s i () g (0, ).

ST
Moreover, the costates satisfy the transversality conditions

oM

Nir(1) = %5 (@3 (1), Gia (1),
mir(D) = G (5 (1), Cir (D). (33)

Note that the Hamiltonian (3.7) and adjoint equation of 7}, lead to

HM
UhYi 8(}\‘4

Therefore, for all ¢ € [0,1], we have nj,.(t) = nj,,;(1). Thus, from the transversality

condition (3.8) and the objective function (3.4), we have, for i = 1,... M,
Mri(t) = VG (CGra(1)) plwi)ai”. (3.9)
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The value, (p,i(1), is given by

1
Cara(1) = 2(1wM) = /0 P (), ult), W)t

Let Z be the set of all functions from [0,1] x © — RX. We can therefore define an
equivalent form of the Hamiltonian, from (3.7) and (3.9), so that H : R"% x R" x

R™ x Z % [0,1] is given by

M
H (2, )\, u, 2, 1) =[f(z, u)]T)\ + Z r(z,u,t, wy)VG(z(l,w{w))p(wy)afw. (3.10)
i=1

From this form of the Hamiltonian and the costate dynamics we get the following adjoint

equation for A},

A (1) = = [fal@hs (8), ubs ()] Ads (1)

M
=3 e (ke (@), i (0. 2,01)] VG (25, (Lw!) pw!al, (3.10)

where 2}, is the solution to (3.3) for the optimal pair {z},,u},} and the final value is

given by the transversality condition:

M
Nar(D) =Y Ve P (g (1), 0M)p(w)al’. (3.12)
i=1

Now, the necessary condition can be reformulated as:
Necessary Condition of Problem BM: Suppose that {a3;,u},} is an optimal pair

for Problem B™. Then u}, must satisfy
wy (1) € argmin FEY (23 (6) X3 (1), w, 237, 1) (3.13)
ue

for almost every t € [0, 1], where HM is given by (3.10), and A}, is given by (3.11)-(3.12)
and 2}, is the solution to (3.3) for the pair {x%,, u},}.
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We now demonstrate the convergence of the adjoint states A}, and Hamiltoni-

ans HM . For this purpose, let A be the solution of the initial value problem
}\OO(t) =— / [rx (x%°(t), u™(t), t,w) ]TVG (z*°(1,w)) p(w)dw
Q
— [Fe(a® (), u ()] A2 (), (3.14)
/ V. F (z ,w)p(w)dw, (3.15)

where 2> is the solution to (3.3) for the pair {z°°,u*>}. Furthermore, we define the

Hamiltonian of Problem B as H : R™ x R™ x R™ x Z x [0, 1] such that

H(x, \,u, 2,t) = [f(z,u)] " \(t) + /Q[r (z,u,t,w)]T VG (2(1,w)) p(w)dw. (3.16)

Remark 4. As opposed to the Hamiltonian used in the optimal control of distributed
parameter systems, the Hamiltonian defined in (3.16) does not explicitly depend on the
unknown parameter. This is because the optimal control of Problem B is not a function

of the unknown parameter, which is different from the distributed parameter problem.

Theorem 3.4.1. Suppose Assumptions 1-8 hold. Let V € NZ and let {3 wistmev
be a set of optimal solutions to Problem BM such that limpev{z},, ul;} = {2, u>}.
Let X}, be the solutions to (3.11)-(8.12), and X\>° be the solution to (3.14)-(3.15). Then
for every t € [0,1]

Jim X () = A(0).

Moreover, for HM and H defined in (3.10) and (3.16),
li HM * * *
]\/[lg%/ (xM( )7>‘M(t)7uM(t)azM7t)

= H(x™(t), \>(t),u™>(t), 2%, ).
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Proof. Define X, to be the solution of system (3.11) with final condition (3.15). Con-

sider the difference

Nop(£) = A°(t) = /t "3 (s)ds — /t L5 (s)ds (3.17)
= [ [~ 26 )]

M
| [ 1ot wp)ds - 3 Tttt pial] ds
@ i=1
where, for notational simplicity, we have defined

F2() = fol@™(1),u™(s)),
£ (1) = falahy (1), uig(s)),
T (t,w) = [ry (@ (8), u™ (1), t,w)] VG(*(1,w)),
Tir(tw) = [re (@3,(8), uly (1), £, 0)]T VG(25,(1,0)).
By Assumption 3, f; is continuous on the compact set X xU; therefore, f,(z},(t), u}; (%))

is uniformly bounded. From (3.14) it is seen that A*° is the solution to a system of linear

differential equations with bounded coefficients, thus is bounded on the compact domain

[0,1]. By the dominated convergence theorem

MeV

1 1
: M T\ oo _ 00 T y oo
Jim /O ()T A ()t = /0 £ T (t)dt.

Similarly, by Assumption 3-8 and Remark 1, it can be shown that

M
Jim DTt el = JR

From these limits, for each ¢ > 0, let M’ € N be such that, for every M € V with
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M > M,
1
/0 IE TN () = £22(0) A () || dt <e (3.18)

dt <e. (3.19)

M
/Q It w)p(w)dw — 3 Tt o p(w)al!
=1

1
|
Therefore, by (3.17), (3.18), and (3.19),

1
20 = X < [ 7216 Nurls) = £22(5) A% ds +
1
S‘Z)Hﬁy(ﬁTAM(ﬂ——ﬁy(@TA“KﬂHds
1
+3[ | £2(5)TA%(s) — F22(5)T X% (s) | ds + €
1
St/‘HﬁykﬁTAM(@-—ﬁy($TA“K$Hd8+2e
t
Applying Gronwall’s inequality gives
1
HA”@)—AMGN!§25[ exp |2 (s)]| ds.

The function in the integral is uniformly bounded in M, and for any € > 0 we can find

an S such that the statement is valid for each M € V, M > S, thus

lim Ny, () = A (1).
MIgIVAM(t) A%(1)

Recall that the final conditions, \},(1) and \),(1) are given by (3.12) and (3.15). By
Assumption 8 and the continuous dependence of dynamical systems on the initial con-
dition, combined with the convergences x%,(1) — z°°(1) and X, (t) — A*°(t), for each
e > 0,t € [0,1] there exists N € N such that for each M > N, M € V, the following

conditions hold:

X)) = X @] < 50 [Mr(®) = 2@ <

N
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Therefore

lim A (t) = A(1).
Lim A (t) (t)

The proof of the convergence of the Hamiltonians follows a similar argument. O

Given the convergence of the adjoint variables and Hamiltonians, we can now
show that if the solutions to Problem BM have an accumulation point, this accumulation

point must minimize the Hamiltonian for Problem B.

Theorem 3.4.2. Suppose Assumptions 1-8 hold. Let V € NZ and let {a3, uy,t be
a sequence of optimal pairs to Problem BM such that limpey {a%,, ul,} = {2°°,u>}.
Then there exists an absolutely continuous costate trajectory A\°° satisfying (3.14)-(3.15)

such that the following holds for almost every t € [0,1]:

u™(t) € arg mi[I]l H(z>(t), \°(t), u, 2°°, t) (3.20)
ue

where H is given by (3.16) and z* is the solution to (3.8) for the pair {x>°, u>}.

Proof. From Theorem 3.4.1, limpey A}, = A> and

lim HM (2%, (), \5, (¢ Xt
]\/[Her%/ (’rM( )’ M( )’U7ZM))

= H(z(t), A7(t), u, 23, 1).
Then for any admissable v € U and each ¢ € [0, 1]

H(2™(), A% (t), u™(t), 2%, ¢) = lim HY (@3, (1), N (8), 1y (1), 231 )

< lim HM (2%, (t), M5, (¢ xot
_]\412%/ (xM( )7 M( )7U7ZM’)

=H(z%°(t), \°(t), u, 2°°, 1).
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In the previous section, Theorem 3.3.2 shows that an accumulation point of
the set of optimal pairs to Problem BM is an optimal solution of Problem B. Theorem
3.4.2 further provides necessary conditions that such an accumulation point must satisfy.
Such results can be applied to verify the optimality of the computed solution. It can
also be used to develop algorithms for Problem B by solving the necessary conditions
as demonstrated in the following example.

Revisit of Example 1. In the previous section, the analytic optimal solution of
Example 1 was obtained by an application of Theorem 3.3.2. Now we show that Theorem
3.4.2 provides an alternative way to solve this example problem. First note that in this
example, G(z) = z, so that VG(z(1,w)) = 1. Then from (3.16) the Hamiltonian of this
problem is given by:

K

H(z(t), \(t), 2, u(t), t) = AT (R)u(t) + > (xi(t) +ui (t) — 221 (t)wy + wﬁ%) :

k=1
where wy = fQ wrdw, wi% = fQ w,%dw. Here we use the independence of the random
variables wy to evaluate the integral over Q. The costate, A = [Aq,... ,)\K]T, satisfies

adjoint equation

Ai(t) = —2x4(t) + 2y, (3.21)

Because the system is unconstrained, the Hamiltonian minimization condition in The-
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orem 3.4.2 requires

OH

. = () +2u(t) =0, (3.22)
U,

for k=1,..., K. Equation (3.21), (3.22), together with dynamics, results in a boundary

value problem

ik (t) 0 0o -

DO —
8
S
—~~
o~
N—

}\k (t) 2wy, -2 0 Ak (t)

that can be solved to yield the same optimal solution as shown in (3.5)-(3.6). Therefore
in this scenario, the necessary condition of Theorem 3.4.2 can be used to determine the
closed form solution to Problem B.

Similar to Corollary 3.3.3, the following result can be established to ensure the

existence of a solution satisfying the condition of Theorem 3.4.2.

Corollary 3.4.3. Suppose Assumptions 1-8 hold, and in addition there exists V € J\/gf
and a set of optimal solutions {x%;,ui;}ymev to Problem BM | such that {u};}nev
have uniformly bounded variation. Then there exists an optimal solution, {x*°,u>}, to

Problem B and a costate, \*°, satisfying condition (3.14), (3.15) and (3.20).

Proof. The corollary follows direction from Corollary 3.3.3 and Theorem 3.4.2. O
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3.5 Application on Optimal Search

In this section, we apply the results of the previous sections to an optimal
search problem inspired by a real-world scenario. The example, taken from [22] and [23],
considers a surface vessel attempting to detect a hostile target with sonar. The target
travels towards a friendly ship, called the “high value unit” or “HVU.” The objective of
the problem is to find a search path that maximizes the chance of detecting the target,
before the target reaches the “HVU.”

The searcher is modeled as a Dubin’s vehicle with dynamics

%1(t) = vcosz3(t),

xo(t) = vsinxs(t), (3.23)

where (x1,x9) represents the position of the searcher and 3 is the heading angle. The
forward velocity is set to be a constant v = 150. The control, u, is the turning rate of the
vehicle that satisfies |u(t)] < 50 for all ¢ € [0,1]. In the scenario we consider, the HVU
travels in the positive xo direction at a constant speed of 25, and the starting location
of the HVU is (35,0). The initial state of the searcher is given by (x1(0), x2(0), z3(0)) =
(35,0, 5). We assume the trajectory of the target is conditionally deterministic, with
starting x; coordinate fixed at 70 and x2 coordinate distributed in the domain [0, 100]
according to a Beta distribution. That is, the starting location of the target is given by
y(0,w) = (70,w) for w € [0,100] and p(w) = pa2(w/100), where p, g is the probability
density of a Beta(c, ) distribution. For a given starting location, the target moves to
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intercept the HVU with a trajectory determined by the algorithm specified in Ref. [26].

The uncertain optimal control problem is then to determine a control input u
which will minimize the probability of not detecting the target subject to the searcher
dynamics (3.23), control constraint, and given initial conditions. As explained in Section

1.1, the probability of non-detection can be modeled as

J= /0 e ( - /O 1 Az (t), y(t, w))dt)p(w)dw,

where 7 is the instantaneous rate of detection. The specific form of the detection rate

function depends on the sensor. In this example we use the Poisson scan model:

F* — D la(t) — y(t,w)| - b)

Fa(t), y(tw) = 69 ( -
where ®(-) is the standard normal cumulative distribution function, ||z(t) — y(¢,w)|| is
the Euclidean distance between the searcher and the target, 5 is the scan opportunity
rate, F*¥ is the so-called “figure of merit” (a sonar characteristic), and o reflects the
variability in the “signal excess”. In the simulation we use the values 8 = 1.9, F* = 120,
b =20, D =0.45, and o = 150.

The proposed computational framework is applied to this search problem with
a LGL quadrature discretization in the parameter space with 42 nodes. Applying this
discretization results in a standard optimal control problem which is solved using a
pseudospectral discretization scheme in the time domain [30,69]. The NLP package
SNOPT [27] is used to calculate the solution to NLP problem produced by this sequence
of approximations. This yields a numerical approximation to the optimal trajectory for

the searcher.
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Figure 3.1 demonstrates the numerical solution obtained by the proposed com-
putational scheme. Snapshots of the searcher and HVU trajectories are shown in Figure
3.1.a—d. For reference, a random sample of target trajectories with the initial starting
location subject to a Beta(4,2) distribution is also shown. Shown in frame a), the
searcher moves away from the HVU towards the right boundary x1 = 70, as it is known
that the target originates at this line. In frames b) — d), the searcher, knowing that
the target is moving to intercept the HVU, tracks the possible target trajectories back
towards the HVU, while adjusting its trajectory so as to match velocity to the target.
To assess the validity of the numerical solution, we compute costates, \;, ¢ = 1,2,3,
according to (3.14)-(3.15) using the numerical solution {x,u}. Observe that the con-
trol u enters into the Hamiltonian only through the linear term A3wu. Therefore, the

Hamiltonian minimization condition (3.20) implies that

50, if A3(t) <0
u(t) = (3.24)

=50, if A\3(t) >0
In other words, optimal control is of bang-bang type where A3 is the switching function.

As shown in Figure 3.2 the Hamiltonian minimization condition (3.24) is indeed satisfied.

Next we consider a scenario which differs from the previous scenario only in
the initial position of the target. In this scenario, the initial condition of the target is
modeled by a mixture of beta distributions, that is, p(w) = pi2,1(w/100) 4 p1,12(w/100),

where p, 5 is the probability density of a Beta(a, ) distribution. In this model, at
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Figure 3.1: Computed optimal trajectory for a searcher attempting to detect a target
which is moving to intercept a high-value unit (HVU). The starting location of tar-
get is unknown to the searcher and modeled by a Beta distribution. Arrows indicate
the orientation of the searcher, target and HVU trajectories. For reference, a random
sample of target trajectories is shown, where the initial starting location is determined
by a Beta(4,2) distribution. The trajectory is computed using an LGL quadrature
discretization in the parameter space and an LGL-pseudospectral method in the time
domain, together with the NLP package SNOPT.
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Figure 3.2: The optimal control for the optimal search problem is of a bang-bang type.
This figure shows the switching function A3 and optimal control w.

the initial time the target is likely to be near (70,0) or (70,100), but significantly less
likely to be near (70,50). From the computed optimal searcher trajectory shown in
Figure 3.3, it is clear that the optimal behavior of the searcher changes depending
on the information the searcher has about the starting location of the target. The
searcher knows possible target trajectories are very likely to be in one of two groups,
one originating near the bottom of the frame and one near the top of the frame. In
Fig.3.3.a the searcher, knowing that the target is unlikely to be near the middle of the
frame, moves towards the right boundary z; = 70, but nearer the bottom of the frame.
In Fig.3.3.b-c the searcher tracks the possible target trajectories back towards the HVU
while adjusting its trajectory to match velocity at the target. However, due to the
decreasing nature of the detection function, this strategy has diminishing returns. In
Fig.3.3.d, the searcher leaves the bottom group of possible target trajectories and moves

upwards in an attempt to detect the second group of possible target trajectories.
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Figure 3.3: Computed optimal trajectory for a searcher attempting to detect a target
which is moving to intercept a high-value unit (HVU). The starting location of target
is unknown to the searcher and modeled by a mixture of Beta distributions. Arrows
indicate the orientation of the searcher, target and HVU trajectories. For reference,
a random sample of target trajectories is shown, where the initial starting location is
determined by a Beta(4,2) distribution. The trajectory is computed using an LGL
quadrature discretization in the parameter space and an LGL-pseudospectral method
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in the time domain, together with the NLP package SNOPT.
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3.6 An Extension to Agents with Uncertain Dynamics

In this section we extend the numerical methods and necessary conditions
presented in previous sections to problems which incorporate parameter uncertainty
in the agent dynamics and initial state. We compare this work to that of Ref. [73,
75] which focus on an LGL-quadrature approximation of the parameter space. We
extend these results to demonstrate that any convergent quadrature scheme can be used
to approximate the parameter space, which is advantageous because the convergence
properties of the approximated state variables depend on the scheme chosen and the
probability distribution of the stochastic parameters [6].

Problem C. Determine the control function v € Lo ([0, 1]; R™) that minimizes the

cost functional

1
Tl ] :/Q [ (a:(l,w),w)—i—/o r(a(t,w), ut), £, w)dt] do (3.25)
subject to the dynamics
(tyw) = f(z(t,w),u(t),w), (3.26)

initial condition x(0,w) = zp(w), and the control constraint g(u(t)) < 0 for all ¢ € [0, 1].

In Problem C, Lo ([0, 1];R™) is the set of all essentially bounded functions,
z:[0,1] x Q — R™ and r : R™ x R™ x R! x R™ - R. Note that this Problem C
formulation differs slightly from that of Chapter 1. Here we have omitted the probability
density function p for notational convenience, since it can be included in the functions

F and r.
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Assumption 5. The function g : R™ +— R"™ is continuous and the set U = {v €

Rnu

g(v) <0} is compact.

In a real world scenario the set of allowable controls will be bounded and

therefore U, being a closed and bounded set, will be compact.

Assumption 6. Let A be the set of feasible controls to Problem C, that is the set
of all u € Ly([0,1];R™) such that u(t) € U. There exists a compact set X C R
such that for each feasible u and w € Q,t € [0,1], z(t,w) € X where z(t,w) = xo +

S F(a(s,w), u(s),w)ds for all t € [0,1].

This assumption essentially requires for all bounded controls that there is no
w € Q) for which the state has a finite escape time. A large class of nonlinear systems
satisfy this assumption, for example, input-to-state stable systems and systems for which

f is globally Lipschitz or satisfies a linear growth condition.

Assumption 7. The functions f and r are C*. The set Q is compact and xg : Q — R™
is continuous. Moreover, for the compact sets X and U defined in Assumptions 5-6 and
for each t € [0,1], w € Q, the Jacobians r;(-,-,t,w) and fz(-,-,w) are Lipschitz on the
set X x U, and the corresponding Lipschitz constants L, and Ly are uniformly bounded
in w and t. The function F(-,w) is C' on X for all w € Q; in addition, F and F, are

continuous with respect to w.

In this section we demonstrate that a variety of quadrature-based numerical

integration schemes can be used to approximate the parameter space of Problem C.

66



The following assumption about the convergence of the scheme allows methods such as

Gaussian quadrature and composite-Simpson to be applied.

Assumption 8. For each M € N, there is a set of nodes {wZM f\il C Q and an associ-

ated set of weights {afw ij\il C R, such that for any continuous function h : Q — R,

h(w)dw = 1 h(w
/Q(WMILHOOZ

By selecting a finite number of nodes to approximate the parameter space,
we allow the state vector z : [0,1] x © +— R™ to be approximated by the state vector
X1 [0,1] = RM7a. We use Xy = (22, ..., 7] to denote the discretized state vector.

That is, :c is the solution to the dynamical system
21 (1) =@M (1), u(t), o)) 21(0) =wo(w]"). (3.27)

We refer to the state vector Xjs, where the dependence on the parameter w has been
discretized, as the semi-discretized state.
Once the numerical scheme is chosen, an approximate objective functional for

each M € N can be defined by

M 1
P Xapu] =37 [F (2 (0).0) + /0 r(@ (1), u(e), e dt]al . (3.28)
=1

Problem CM. Determine the optimal control u € Loo([0,1];R™), that minimizes
the cost functional (3.28) subject to the dynamics (3.27) and the control constraint
g(u(t)) <0 for all ¢t € [0,1].

We apply the approach of Sections 3.3 to Problem C'. However, because of the
process used in the approximation and the inclusion of the stochastic parameter in the
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state dynamics, the state space for Problem CM is of a different dimension than that
of Problem C, which introduces new theoretical challenges. Before we introduce the
result on the convergence of the state variables, we must define the spaces on which we
conduct our analysis, and define a mapping between the two state spaces.

We denote by Wi ([0, 1];R™*) the Sobolev space of all essentially bounded
functions with essentially bounded distributional derivatives, which map the interval
[0,1] into the space R™. We then define the state space X of Problem C to be the
set of all functions z : [0,1] x Q +— R" such that z(-,w) € Wi «([0,1];R™) for each
w € Q and z(t,-) is measurable for each ¢ € [0,1]. Similarly, we define the state space
of Problem CM as X); = Wi »([0,1];RM"=). To create a mapping between these two
state spaces we introduce an interpolation scheme which maps the discretized state

X € Xy to an associated state M € X.

Assumption 9. For each M, there exists a set of functions ¢nr; @ € — R such
that QSM,Z‘(QJ;W) = 6;;. For a continuous function h : Q — R, we have hM(w) =

Zi]\il h(wM)érri(w) converges uniformly to h.

Note that this assumption about the convergence properties of the interpola-
tion scheme allows polynomial interpolation schemes such as LGL or Chebyshev to be
applied to approximate Problem C.

We define QM = {wM ... w¥} and for a function y : QM — R, we refer
to v : Q — R where y(w) = Zf\il y(wM)pnri(w) as the interpolation of y. For a

discretized trajectory X = [a’:{” s f%], we define the interpolation as the trajectory
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X 0,1] x © = R™ such that xu(t,w) = M M (t)¢pri(w). For a given function
h : Q — R, we can create a sequence of functions y™ : QM — R such that the
interpolations ¥ — h uniformly in w by setting yM(wZM ) = h(wlM ). Therefore each
h: Q+— R is a uniform limit of a sequence of interpolating functions for some sequence
yar : QM — R. From this property it is clear that for a given z € X, there exists a
sequence X € Xy such that the associated interpolation functions ™ € X converge
uniformly (in w) to x.

To demonstrate that Problem C™ is an appropriate approximation of Problem
C, we must show that given a sequence of optimal solutions { X}, u%,} to Problem cM,
an accumulation point of the interpolations {x73,, u},} is an optimal solution to Problem
C. However, it is important to note that if X/ is a feasible state for Problem CM | it is
not necessarily true that its interpolation y s is a feasible state for Problem C'. Therefore

when demonstrating the optimality of the accumulation point of such a sequence, it is

also necessary to also demonstrate its feasibility.

Theorem 3.6.1. Suppose Assumptions 5-9 hold. Let {(X%;,u%)} be a sequence of
optimal solutions to Problem CM and let u> be an L£* accumulation point of uy, for
a subsequence indexed by V € Ngﬁ Let x; denote the interpolation of X’}‘\}. Then
Xy — 2% uniformly in w along the subsequence indexed by V', where x*° is the solution
to (3.26) for the control u™. Furthermore (z°°,u®) is an optimal solution to Problem

C and limprev JM (X5, uhy,) = J(@%°,u™).

Proof. For notational simplicity, we denote by z" the solution to (3.26) for the control
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u, XY the solution to (3.27) for the control u and M nodes, and x4, the interpolation

of XY. It is important to note that ||v|,v € R™ denotes the Euclidean norm and

|ully,u € £ denotes the £ norm.

Part 1 We demonstrate the convergence of x3,, M € V. Based on the conver-

gence properties of the dynamical system and the interpolation scheme, the following

are true for each t € [0, 1]:

i

ii

iii

v

Due to the uniform convergence of the interpolation scheme (Assumption 9), for
every € > ( there exists an M; € N and a § > 0 such that if hy,ho : 2 — R are
continuous functions such that |hy(w) — ha(w)| < € for every w € €, then |hM (w) —

R} (w)| < € for every w € Q, M > M;.

From Ref. [61], Lemma 5.6.5, we have [|2"(t,w) — 2"*(t,w)|| < K ||ug — uzl|, for
each w € Q and some K € [1,00). Therefore if 4™ is an £? accumulation point
of {u},;}, the solution to (3.26) for «* is a uniform (in w) accumulation point
of the solution to (3.26) for {uj},}. Therefore there exists My € N such that

Hmoo(t,w) — g (t,w)H < € for each w € Q.

By Assumption 9, for a fixed control u, the interpolation to the solution of (3.27)

for u converges to the solution of (3.26) for u. Therefore there exists an M3 € N

*

such that for each M > M; we have ||z"M: (t,w) — XX/?@ (t,w)“ < e forall we Q.

Based on the statement in i), the sequence %M is uniformly (in w) Cauchy con-
vergent. Therefore there exists an My > M; € N such that for each M > M,, we

have qu7”2 (t,w) — x%M (t,w)H < ¢ for all w € Q. Based on the statement in ), this
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implies that

'XX/[MQ (t,w) — X*M(t,w)H < ¢ for all w e Q.

Because i) — iv) hold for every ¢t € [0, 1], for a given ¢t € [0,1] and w € © we have for

each M > max{Ml,Mg,M4}:

% (1) = s (L)l = |22, w) — a2 1, ) | +

2 (£, 00) — 2 (£, ) H

’U,]M2

+\XM (t,w) —X*M(t,w)H

< 3e

Part 2 We demonstrate that limyey JM [ X3, ul,] = J[2°°,u™]. Consider the objective
functional J™ which is approximated using the numerical scheme of Assumption 8, that
is:

M 1
=3 [Faa)wl) + [ e, coaall. 329)

=1
Clearly {X3,,u%,} is a global minimizer to (3.28) if and only if {z%M,u%,} is a global
minimizer of (3.29), and in this case JM[X},, u},] = JM %M, u3,]. We therefore pro-
ceed by showing that if u* is an £? accumulation point of uyy, then J M guhs ,uh —
J [z, u™>].

First note that by Jensen’s inequality we have

[ o) — ot = W i (0) — w0 ] # [ st i)

= [luds = uly-

From Assumption 7, r is bounded and Lipschitz on X x U x [0,1] x Q and G is
uniformly continuous on (X, U, [0, 1], Q). From the Lipschitz continuity of r, we have,
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for all w €

1
1m1/“nmxﬁuuwxu&uxuw>—r@ﬁ%awxuwuxuwﬂut
MeV 0

1
< lim L,,/ 23 (8, w) — 2 (t,w) || + [[ujy () — u™(t)||dt
MeV 0

1
<L, ||u%; — u® lim L UM (¢, w) — 22 (¢, w)||dt = 0
<L fuiy =¥l + Jim L [ ) -0 (1)

Because "M (t,-) — 2°°(t, -) uniformly, this convergence is uniform in w. Then by the
uniform continuity of F' and G, for each € > 0, there must exist N € N such that for

each M € V with M > N the following statements hold for all w € Q

/OlT(g;umt),u"M(t),t,w)dt_ /Olr(xoo(t),uoo(t),t,w)dtH <§,

HF (xu&u),w) - F(a;oo(l),w)H <§.

This implies, by the statement in Remark 1, limp/ey JM[:UUTVI,u}"V[] = J[z*>°,u>]. Be-
cause JM X5, uh,] = JM[z¥, uh,], we have limprey JM X3, ul,] = T[>, u™],
Part 3 We demonstrate that {z°°,u*} is the optimal solution to Problem C. Let u

be an arbitrary feasible control for Problem C'. Then, based on the optimality of u},,

JM( X3, uh,) < JM(XY, u) for all M € V. Thus

J(x%,u>) = ]‘l/[lg‘l/ JM( X3, uhy) < Z\l/}IEI‘l/ JM(XYu) = J(z¥ ).

Therefore (2", u™) is an optimal solution for Problem C, since it produces the mini-

mum cost among all feasible solutions. O

For the set QM of interpolation nodes used in the approximation of Problem
C, the set of interpolated trajectories Zp; = {xn € X|Xys € Xpr} is a linear subspace
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of X, so that we can consider Problem C™ as a restriction of Problem C to the linear
subspace Zj; with approximated objective functional (3.29). Now note that for every
x € X there exists a sequence xp; € Eps such that xps — 2z uniformly in w, and the
approximated objective functional (3.29) epiconverges to (3.25). We therefore compare
our convergence result to the consistency result presented in Chapter 4 of Ref. [61],
where a similar framework is used to determine the convergence properties of a time-
discretization of the standard nonlinear optimal control problem.

The reader may note that it is possible to use Part 2 of the Proof of Theorem
3.6.1 to demonstrate that an accumulation point of a sequence of global minimizers to
(3.29) is a global minimizer to (3.25). Therefore it is possible to approximate Problem
C by simply approximating the objective functional and solving the problem without
approximating the state space and introducing an interpolation scheme. However, the
approach taken in Problem CM is desirable for two reasons. First, by approximating
the state space as well as the objective functional, the approximating problem is a stan-
dard non-linear optimal control problem to which existing results such as Pontryagin’s
Minimum Principle [33] can be applied. By addressing the convergence properties of
the approximated adjoint variables, we can extend the Covector Mapping Theorem of
Ref. [30] to Problem C. Second, the interpolation scheme allows a convenient way to
determine the value of the approximated state. Note that without the interpolation
scheme, for a given optimal control, if one wishes to know z},(t,w) where w is not a
node used in the solution of the approximated problem, it is necessary to solve the ordi-

nary differential equation given by (3.26) for that value of w. The interpolation scheme
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allows one to determine this value and guarantees that the approximation will converge
uniformly as the number of nodes used in the approximation scheme increases.

For many applications, the dual variables provide a method to determine the
solution of an optimal control problem or a tool to validate a numerically computed
solution. For numerical schemes based on direct discretization of the control problem,
analyzing the convergence of the dual variables may also lead to insight into the conver-
gence and validity of approximation scheme [30,31]. Because Problem C* is a standard
nonlinear optimal control problem, it admits a dual problem by the Pontryagin Mini-
mum Principle [33]. In this section we address the convergence properties of the dual
variables for Problem C'M and the dual Problem CM*. Using a weighted Hamiltonian
inspired by the Covector Mapping Theorem [30], we demonstrate that for a convergent
sequence of optimal solutions to Problem C™ | the corresponding adjoint variables will

converge. First we introduce the dual to Problem C"

Problem C*. [24] If (z*,u*) is an optimal solution to Problem C, then there exists

an absolutely continuous costate vector A(t,w) such that

)\*(t,w) = — fo(x™(t,w), u(t), W)\ (t,w) — re(z*(t,w), u(t), t,w) (3.30)

A (1L w) =F(z(1,w),w). (3.31)
Furthermore, the optimal control u* satisfies the equality

*(t) = min H(z*, \*, u, t
u*(t) min (", X", u,t),
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where H is given by

H(z, A\ u,t) = /Q [i‘(t,w)T)\(t,w) + r(z(t,w), u(t), t,w)] dw. (3.32)

Next we introduce the dual to Problem C™. Because Problem CM is a standard non-
linear optimal control problem, it admits a first-order necessary condition in the form

of Pontryagin’s Minimum Principle. The Hamiltonian and adjoint system are given by:
M
HM(Xp, Tarust) = [@T% + (@, u,t,w)al! |
i=1
Here T'ys = [¥1,...,7n] is the absolutely continuous costate variable satisfying

Fi(t) = = fol(@i(t), u(t), w7 — re(@:(t), ult), t,w ),

To demonstrate the convergence properties of this system as M — oo, we introduce the
weighted costate vector Ay = [A1,..., Ay such that aM); = 7;. Using this weighted

costate vector, we define

M
M(% R,u Z[ O X + (@), (), t,wM)] M. (3.33)
=1

It is clear that H™ (X, Tar,u,t) = HM (X, Apr,u,t). Now note that aM)\* =7 so

that the weighted costate dynamics are given by

N = Lol @ (), why (8), WA = (@ (1), uig (1), 8 0], (3.34)

X (1) =F, (5 (1), w). (3.35)

Using the weighted costate, we define the dual problem to Problem C':
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Problem CMA. If (X}, u%,) is an optimal solution to Problem C™, then there exists

an absolutely continuous costate vector A(t) = [A1(t),..., Ay (t)] given by (3.34)-(3.35).

Furthermore, for almost every ¢ € [0, 1], the optimal control u}, satisfies the equation

uy(t) = géi[r]lHM(XX/[, Ay, u,t)

It is clear that the Hamiltonian HM of Problem C™? is the discretization of the
Hamiltonian H of Problem C*, and that (3.34-3.35) is the discretization of (3.30-3.31).
Therefore Problem CM?* is the discretization of Problem C*. Unlike the discretization
of the time domain, discretization of the parameter space involves no endpoint condi-
tions which must be satisfied or dynamical constraints which must be discretized. The

CMX is not in question, as it is guaranteed by

existence of a feasible solution to Problem
the Pontryagin Minimum Principle. The Covector Mapping Theorem of Ref. [30] can

then be extended to the optimal ensemble control framework by the following Theorem,

which addresses the convergence of the adjoint variables and Hamiltonians.

Theorem 3.6.2. Let {(X};, A%, ub,)} be a sequence of solutions to Problem CMA | 4,
be the interpolation of X}\%, &M be the interpolation of X}\k/[, Py, be the interpolation of
A%,. Let u™ be an accumulation point of u}, and let \>° be the solution to (3.50-3.51)

for u®. Then 1}, converges uniformly to A°>° and (z°°, \>°,u®) is a solution to Problem

C*.

Proof. The proof follows from the same argument as the proof of Theorem 1. O
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Chapter 4

A Sample Average Scheme for
Approximation of the Uncertain

Optimal Control Problem

In Chapter 3 we introduced a scheme for the optimal control of uncertain
systems based on a quadrature approximation of the expectation over the parameter
space. However, due to the curse of dimensionality, this approach is inherently limited
to systems with a low-dimensional parameter space. Indeed, as the number of stochas-
tic parameters increases, the dimension of the approximated optimal control problem
increases exponentially, therefore a different numerical method must be used in these
cases [6]. This difficulty is inherent to the approximation of dynamical systems with
stochastic parameters and other techniques such as polynomial chaos are also compu-

tationally expensive for high-dimensional problems. Therefore, in many cases Monte
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Carlo simulation is required to approximate an uncertain dynamical system [6].

In this chapter we propose a sample average approximation approach to the
uncertain optimal control problem which is applicable for high-dimensional problems.
In this method, an independently distributed random draw is taken from the parameter
space, and the expectation in the objective functional is approximated by the sample
average. We refer to [3,5] for early work on the sample average approximation approach
to stochastic optimization, which also provides our foundation. For a treatment of cases
in finite dimensions; see [81]. Because the number of nodes sampled does not depend
on the dimension of the parameter space, this method does not suffer from the same
curse of dimensionality as the previously-considered quadrature method. When the
sample average scheme is applied to the uncertain optimal control problem, it produces a
sequence of high-dimensional nonlinear optimal control problems. As in the quadrature
approach considered in Chapter 3, these approximate problems can be solved using
existing techniques from computational optimal control [29,41,79].

The aim of this chapter is the rigorous analysis of the convergence proper-
ties of algorithms for uncertain optimal control which are based on this technique of
sample average approximation. Because the collocation nodes for the parameter space
are selected randomly, the convergence results of the previous chapter can not be di-
rectly extended to this case. Instead, we establish convergence properties for the sample
average method by leveraging existing results for direct approximation schemes in com-
putational optimal control [41,61,79] and an extension of the strong law of large numbers

(see [3,5]). In addition, we establish a necessary condition for optimality for both the
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unconstrained and constrained problems in the form of an optimality function based on
the Lo-Frechet derivative of the objective functional. We demonstrate the approximate
based on a sample average scheme is consistent in the sense of Polak [61, Section 3.3]
by analyzing the convergence of the objective and optimality functions. This property
guarantees that an accumulation point of a sequence of optimal (stationary) points of

the approximate problem will be an optimal (stationary) point to the original problem.

4.1 Formulation of the Uncertain Control Problem

The focus of this chapter is a computational method for the optimal control
of uncertain systems using a sample average approach. Because we our convergence
analysis for this method utilizes an extension of the strong law of large numbers rather
than the quadrature approach of Chapter 3, we require a different problem setting
and new regularity assumptions on the functions used in the problem formulation. In
this problem formulation both the cost functional and system dynamics may depend
on stochastic parameters, and the objective is to find a control which minimizes the
expectation of the cost functional over a probability space of possible parameter values.
In this problem, the goal is to find is to find an initial state and control pair n = (£", u™)

that minimizes the objective functional
J(n) = EP[F(2"(1,w),w)]. (4.1)

Here E¥ is the expectation on the probability space (Q, %, P) where the sigma-field 3
is complete with respect to the measure P and w € Q. Furthermore, z"(¢,w) is the
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solution to the uncertain dynamical system
&"(t,w) =f(2"(t, w), u"(t),w), 2(0,w) =£" + 1(w), (4.2)

almost surely. Here {7 € R™, u" : [0,1] — R™, x : [0,1] x Q@ — R", ¢+ : Q — R
fFiR"xR™ x Q— R" and F : R” x Q — R. Note that for a fixed w € 2, (4.2) is a
standard deterministic dynamical system, therefore the existence and uniqueness of the
solution can be guaranteed under suitable regularity conditions. Such conditions assure
that the objective functional (4.1) is well-defined. Note that this problem formulation is
more general than the Problem B considered in Chapter 3 in that the parameter space
is not required to be a compact Euclidean space, and the initial condition is included
as a decision variable.

In this chapter we consider both constrained and unconstrained optimal con-
trol problems for the objective functional (4.1) and dynamics (4.2). Before we define
these problems, we introduce the spaces on which we conduct our analysis. To develop
optimality conditions, we make use of an inner product on the space of decision vari-
ables. Therefore we work in the Lo topology. Let £5'[0,1] be the space of all functions
v : [0,1] = R™ such that fol |v(t)||* dt < co. We carry out our analysis in a subspace of

the Hilbert space

Hy =R" x £'[0, 1],

where the inner product and norm on Hy are defined for any n = (£7,u"), 7/ = (&7 ,u") €
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Hy by
1 Vi, = (€7,€7) + (u,u" s,

Therefore the norm in Hs is given by

2 2 2
1z, = 11€717 + llull3 -

In this paper we address the two cases of the uncertain optimal control problem,
where the control u(t) is constrained to be in either a compact convex set or an open
convex set in R™ for almost every ¢ € [0, 1]. We therefore define the admissable sets for
each of these problems as follows: given compact, convex sets =¢ C R™ and Ugs C R™,

we define the set of admissable controls
Ue = {u € LF[0,1] |u(t) € Ue for almost every t € [0, 1]}.

The set of all admissable state-control pairs for this problem is then given by Hg =
Z¢ X Ug. Similarly given bounded, open, convex sets Z=p C R” and Up C R, we define

the set of admissable controls
Up = {u € L3'[0,1] |u(t) € Up for almost every t € [0,1]}.

The set of all admissable state-control pairs for this problem is then given by Hp =
=o X Up.

The sets He and Hp are a subsets of the pre-Hilbert space Hoo 2 = {(§,u) €
Hj|||ul|,, < oo}. For mathematical convenience, we assume = C Z¢ and Up C Ug so
that Ho € Ho. We observe that in this work we define the admissable set differently
than in Polak [61, Chapter 4], which requires the pointwise control constraint be satisfied
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for all t € [0,1]. Let U C R™. We note that for each u € £5*[0,1] with u(¢t) € U for
almost every t € [0, 1], there is a member 4 of its equivalence class such that u(t) € U
for every t € [0,1]. Therefore for any given constraint set U, we can apply the standard
results from the theory of differential equations to controls from our admissable set.

In developing optimality conditions, we evaluate derivatives with respect to
the decision variable 7. In order to guarantee that these derivatives exist, we work on
a space H which is slightly larger than He. To define the space H, let p1,p2 € R be
constants large enough so that [|£7|| < p1, ||u"]|,, < p2, for all n € He. The existence of
these constants is guaranteed by the compactness of Z¢ and Us. Now let H = {(&,u) €
R™ x L£5'[0, 1]] [[€]l < p1, |Ju|l < p2}. The space H is open in the Lo, topology and the
inclusion Hp C He C H holds. The reader should note that all convergence results on
the sets Hp, He, and H are with respect to the £o topology.

With the appropriate function spaces defined, we now state the uncertain
optimal control problems that are the focus of this work:

Problem Dc : Find an initial state and control pair n = (£7,u") € H¢ to
minimize the objective functional (4.1) subject to the uncertain dynamical system (4.2).

Problem Dg : Find an initial state and control pair n = (£7,u") € Hp to
minimize the objective functional (4.1) subject to the uncertain dynamical system (4.2).

Because the constraint set Ugc for Problem D¢ is closed, this formulation can
be used to approach uncertain optimal control problems with inequality constraints, as
long as set of points which satisfy these constraints is compact and convex. Problem

Do can be used to approach unconstrained optimal control problems by making Ugp
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large enough that all reasonable controls lie in the admissable set. To conduct analysis

of Problems D¢ and Do we need the following regularity assumptions:

Assumption 10. There exists a compact set Xg C R™ such that for each n € H,

2 (t,w) € Xo for allt € [0,1],w € Q, where x" is the solution to (4.2) for n = ({7, u").

This assumption essentially requires that there does not exist w € §2 such that
the dynamical system given by f(-,-,w) has a finite escape time. This assumption will
be valid for a number of dynamical systems frequently encountered in control problems,
for example input-to-state stable systems and systems for which f is globally Lipschitz

or satisfies a linear growth condition in the state variable.

Assumption 11. For the set Xy defined in Assumption 10 and the set V.= {v €
R™|||v|| < p2}, for each w € Q the function f(-,-,w) is continuously differentiable
on Xo XV and for each x € Xo,v € V, f(x,v,-) is measurable and bounded on Q.
Furthermore, there exists a measurable function Ly : Q + [1,00) such that for all

', x" € Xo, and v',v" € V, the following inequalities hold for every w € §:

17,0, w) = fa" 0", w)|| < Dyp(w) [l =2 + o = v"[]]

]

1fula’ ') = ful@ 0" )| < Ly (@) [[[2" = 2" + o' = "]

£ ) — £oa” " )] < L) [ =2 + [/ — "

Assumption 12. For the set Xy defined in Assumption 10, F(-,w) is continuously
differentiable on X for eachw € Q, and F(z,-), Fy(x,-) are measurable for each x € Xj.

Furthermore, there exists a measurable function Ly : Q +— [1,00) such that for any
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', 2" € Xy, the following inequalities hold for every w € § :
|F(',w) = F(a" w)|| <Lp(w) || —2"||, ||Fe(a’,w) — Fp(a",w)|| <Lp(w) ||z’ —2"]|.

Assumptions 11-12 require the differentiability of the functions in the problem
formulation with respect to the states and controls, as well as measurability and inte-
grability of the Lipschitz constant with respect to the stochastic parameter w. These
assumptions will be valid for a variety of problem frameworks in physical and other
applications. For instance, in the optimal search and ensemble control settings intro-
duced in Sections 1.1 and 1.2, the parameter space is a compact subspace of R™ and
the functions in the problem formulation are sufficiently smooth, therefore Assumption
12 is valid in these cases. These assumptions are used later to establish convergence
properties and optimality conditions for Problems D¢ and Dg.

In order to facilitate the analysis of the computational framework for Problems

D¢ and Do, we first state the following results on uncertain dynamical systems.

Proposition 4.1.1. Suppose that Assumptions 10-11 are satisfied. Then, for any n €

H, the uncertain dynamical systems (4.2) has a unique solution x"(-,w) for each w € ).
Proof. Follows directly from Proposition 5.6.5 of [61]. O

Proposition 4.1.2. [2, Lemma 4.51](Carathéodory Functions are Jointly Measurable)
Let (S,%) be a measurable space, X a separable metric space, and'Y a metrizable space.

Let f: X xS—Y be a function such that

i) for each v € X, f(z,-): S— Y is measurable;
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ii) for each s € S, f(-,s) : X — Y is continuous.
Then f is called a Caratheodory function and f : X x S —'Y is jointly measurable.

Lemma 4.1.3. Suppose that Assumption 10 is satisfied, and let V be the set defined
in Assumption 11. Let k : Rt x V x Q — R! be such that k(- w) is continuously
differentiable for each w € Q and k(x,u,-) is measurable for each v € Rl,v € V.
Suppose also that there exists a measurable function K : Q — [1,00) such that for every
z, 7’ € R", and v,v' €V, and w € 9,

Hﬁ;(az,v,w) - K;(a:',v’,w)H < K(w) [Hx - :L“’H + Hv - U'H] .

For each n = (£",u") € Hyw € Q, let X" : [0,1] x Q — R! be the solution to
X'(tw) = s(X"(tw), u"(t),w),  x(0) =&
Then x" is measurable and for each w € Q we have
HJ:”/(t,w) - :C””(t,w)” < V2K (w)ef®@ " — n'/HHQ .

Proof. Let n = (¢",u") € H. Let x{ : [0,1] x © — R! be such that x((0,w) = &7 for
each w € Q, x"!(-,w) is absolutely continuous, and x{ (¢, -) is measurable. Then we define

a sequence of functions {x;}°°, satisfying

t
Xy (fw) = €7+ /0 K (5, ), " (5), w)ds.

We demonstrate the measurability of x,, for each n € N by induction. For a given

n € N,t € [0, 1], consider the function 1, : [0,#] x Q — R},

%(37 w) - /i(XZ(& w)? U(S), w)'
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For each n € N, if x;) is measurable, then 1), is a Carathéodory function and therefore
measurable by Proposition 4.1.2, and thus x| (t,-) = £ + fot Yn (s, -)ds is measurable.
The function g is Carathéodory by definition and therefore measurable, which implies
that . is measurable for each n € N by induction. By the proof of Picard’s Lemma
(see [61, Lemma 5.6.3]), we have xn(-,w) — x"(-,w) pointwise for each w € Q. The
function x" is thus a pointwise limit of measurable functions and is therefore measurable.
It follows from the proof of Lemma 5.6.7 of [61] that for L(w) = v2K (w)e®X“), for all

n',n" e Hyw e Q, and t € [0, 1],

[ ) = X" tw)| < T =",

and the conclusion follows. O

4.2 Approximation Using a Sample Average Scheme

In this section we introduce the approximate optimal control problem based
on a sample average scheme. Sample average approximations have been successfully
applied to a wide variety of problems from the field of stochastic optimization with
finite-dimensional decision spaces [81]. In the sample average approach, a random sam-
ple of parameter values is drawn from the parameter space, and the expectation in the
objective functional is approximated by the sample mean. When the sample average
approximation is applied to a stochastic programming problem with a finite-dimensional
decision space, this process results in a sequence of approximating nonlinear program-
ming problems. In this work we use the sample average method to approximate Prob-

86



lems D¢ and Dgp, which have an infinite-dimensional decision space. The resulting
approximate problem is a standard optimal control problem that can be solved using
existing techniques from the field of control theory [12]. In addition, we use an extension
of the Strong Law of Large Numbers (see [3,5]) to analyze the convergence properties
of such an approximation.

To apply this approximation scheme, for a given sample size M, we take an
independent P-distributed sample {w;,ws, - ,wys} from the parameter space 2 and

approximate the objective functional (4.1) by the sample average
M
P ) = 22 S P (1, w0, w0). (4.3)
i=1
The approximate uncertain optimal control problems can then be stated as follows:

Problem DY : find € H¢ to minimize the objective functional (4.3), where
x" is the solution to the uncertain dynamical system (4.2).

Problem DY : find € Hop to minimize the objective functional (4.3), where
2" is the solution to the uncertain dynamical system (4.2).

We discuss the convergence properties of Problems Déf[ and Dg/f in the context
of epiconvergence of the objective functionals. The concept of epiconvergence provides
a natural framework to analyze the approximation of an optimization problem, as it
allows us to discuss the convergence of the inf and argmin operators. For a survey
of preliminary results on epiconvergence and stochastic optimization, see Section 2.4.

To demonstrate the epiconvergence of the approximate objective functional JM to the

original objective functional J, we show that J can be written as the expectation of a
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random lower semi-continuous function. To this end we introduce 7' : H x €2 given by
T(nw)=F(2"(l,w),w)
The following lemma establishes that 7" is a random lower semi-continuous function.

Lemma 4.2.1. For each w € Q, the function T(-,w) is Lipschitz continuous with Lip-
schitz constant Ly(w) = V2Lp(w)Li(w)elr@) . Furthermore, T is B ® % measurable,

where B is the Borel sigma-field generated by the open sets of H.

Proof. From Assumption 11 and Lemma 5.6.7 of Ref. [61], it is known that for each

n,m € Hand w € Q,
#71,0) = 27 (1,0)| < VRLA@)H ) [l =],
It follows from Assumption 12 that
T (1,w) = T(f ;)| < V2Lp(W)Ly(w)e" @ |ln =], -

F: R"xQ — R is measurable by Assumption 12 and Proposition 4.1.2. For each n € H,
x"(1,-) is measurable by Lemma 4.1.3, so that T'(n,-) = F(z"(1,-),) is measurable. T

is therefore B x ¥ measurable by Proposition 4.1.2. 0

We can now write the objective functional J and approximate objective func-

tional JM in terms of the function random lower semi-continuous function 7T':

M
Tn) =EP [T(n, )], T ) =2 S0 T, 1)
=1

Before we can establish the epiconvergence JM —¢P! J using Proposition 2.4.1, we must
show that the decision space is a complete, separable metric space.
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Lemma 4.2.2. The space Hg is a complete, separable metric space.

Proof. As a subset of the separable metric space Hy, Heo is separable. To establish
completeness, we show that He is a closed subset of the complete space Hy. Suppose
that there is a sequence u; € Ug, but vy — u € L30,1] with v ¢ Ug. Define
dy : R™ — R by dy(v) = min,cp,, ||V — v||. Because Uc is compact, dyy is well defined.
Now let A = {t € [0,1]|u(t) ¢ Uc} and A; = {t € [0,1]|dy(u(t)) > %} Note that
wu(A) > 0, where u is the Lebesgue measure on [0, 1]. Since Ug is closed, if v € R™ but
v ¢ Uc, then dy(v) > 0. Therefore A = {t € [0,1]|dy(u(t)) > 0}. Because A = UjenA;

and p(A) > 0, there must exist j € N such that m(A;) > 0. Then:

== ( [ 19 u<t>ll2dt>% = </A () u<t>||2dt>é
> (/A

N|=

J

[du (u(t))]” dt)

_j H(A;).

This is a contradiction, therefore Uq is closed in £5'[0,1]. As a closed subset of a

complete space, U¢ is complete, and therefore Ho = Z¢ x Uge is complete. ]

We can now demonstrate the epiconvergence of the approximate objective

functional using the following assumption.
Assumption 13. Let L7 : Q + [1,00) be defined as in Lemma 4.2.1. Then Lt € L£Y(Q).

Note that this assumption is valid when € is a compact subset of R% and the

functions f and F' are continuously differentiable with respect to w.
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Theorem 4.2.3. Suppose that Assumptions 10-13 hold. Then JM epiconverges almost

surely to J on Hgo and JM epiconverges almost surely to J on Ho as M — oc.

Proof. By Lemma 4.2.2, H¢ is a separable complete metric space. By Lemma 4.2.1, T
is B® ¥ measurable and there exists scalars a and b such that 7'(n,w) > a+ bLp(w) for
all n € He. By Assumption 13 the function a + bLp(w) is integrable. The convergence
JM ’Hc —epi ] |Hc almost surely then follows from Theorem 2.4.1. This convergence,
together with the fact that JM(n) — J(n) almost surely for all € Hp establishes the

convergence JM ‘Ho —epi g |Ho almost surely. O

Theorem 4.2.3 and Proposition 2.3.1 show that our sample average scheme
has the property that accumulation points of a sequence of global minimizers to the

approximate problem are global minimizers of the original problem.

4.3 Optimality Conditions

Absent convexity, it is not generally possible to determine whether a numeri-
cally computed solution to an optimal control problem is a global minimizer. Necessary
conditions, such as Pontryagin’s Minimum Principle [33,63], provide a method to as-
sess the optimality of a numerically computed solution. Polak [61, Chapter 4], provides
necessary conditions for the standard nonlinear optimal control problem in terms of op-
timality functions, which determine the stationary points of the objective functional. In
this section we apply this approach to derive optimality functions for the non-standard

uncertain Problems D¢, Do, Déf[ , and Dgl which are based on the Lo-Frechet deriva-
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tive of the objective functional. To establish the Frechet derivatives of the objective

functionals, we first state the Frechet derivative of T.

Proposition 4.3.1. Suppose that Assumptions 10-12 are satisfied.
i) Foranyw € Q,n e H and 0n € Hy 2, T(-,w) has a Frechet derivative DT (n;dn;w)
atn given by (V,T(n,w),dn) m,

The gradient V,T(n,w) = (VT (n,w), VT (n,w))" € Hy o is given by

VeT'(n,w) = p"(0,w), (4.4)

VouT(n,w)(s) = fL(2"(s,w),u"(s),w)p"(s,w), (4.5)
and p"(s,w) is the solution to the adjoint equation

P7(s,w) = = fi (@"(s,w), u(s),w)p"(s,w) fors€[0,1], p"(1,w) =Fp(2"(1,w),w).
(4.6)
ii) The gradient V,T(-,w) is Lipschitz continuous on Hc.
iii) For anyn € H and 0n € Hy 2, T(-,w) has a Frechet differential DT (n;dn;w) at
7.

Proof. The proposition follows directly from Corollary 5.6.9 of [61]. O

The existence of the Frechet derivative in Proposition 4.3.1 allows us to intro-

duce the Frechet derivatives of J and J™ by employing Fubini’s theorem.

Lemma 4.3.2. Suppose that Assumptions 10-18 are satisfied. Then for anyn € H, on €

Hyoo:

91



i) J has a Frechet differential DJ(n;dn) at n given by DJ(n;dn) = (VJ(n),n)m,
with the gradient given by

VJ(n) =E" [V, T(n,w)], (4.7)

ii)  The gradient V.J is Lipschitz continuous on He.
ii) JM has a Gateuax differential DJM (n;0m) atn given by DJM (n; 6n) = (VJM (), 6n) 1,

with the gradient given by

My~ Ly |
VM) = 57> VT (nwi), (4.8)
=1

i)  The gradient VJM is Lipschitz continuous on He.

Proof. We prove i) and ii); iii) and iv) follow by an identical argument with 2 replaced
by {w1,...,war} and P replaced by the counting measure normalized to 1.

Proof of i): Let én € Hypo,n € H,w € €. Because H is open in the L
topology there exists a A* > 0 such that n + \én € H for all A € [0, \*]. From Lemma
4.2.1, T(-,w) is Lipschitz continuous in n with Lipschitz constant Ly (w) for each w € Q,

and by Assumption we have 13 Ly (w) € £1(2). From this fact we have

TG+ 2dm,0) = T, )| < (Lr() [99]1 4, )2

Therefore for each w € Q,n € H, A € [0, \*],

T(n+ Aon,w) — T(n,w)
A

' < Lr(w) |9nll, -
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Then the Gateaux derivative of J is given by:

DI (s 5n) = lim B L+ Adn, )] — 7 [T, )

AL0 A
ALO A
AL0 A

=E" [DT(n, om;w)],
where we have used the dominated convergence theorem. Let dn = (€97, u®"). Note that
1
B | [ {19z 0] w00 de| < BF (19700l 1601,
is bounded, so that we can write
5 ' §
DI 60) ~E” [(Vertnw.e)] + 2" [ (Tt o) af
1
=EF |{VT(n,w), £ +/ EP |{ V., T(n,w)(t),u’"(t) )] dt
(vermw,em)] + [ B [(vuTtnw)0).07(0)]

_ <IEP [VeT(n,w)] ,g5n> v /0 1 <IEP VT (7, )(2)] ,uﬁ”(t)> dt

= (EP [V, T (1, w)], ) .

where we have used Fubini’s theorem. To demonstrate that the Gateaux derivative D.J
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is the Frechet derivative of J, consider the quantity

| (1 +0m) — J(n) — DJ(n; o)l g,

lim
1691l 57, —0 107 £,
|E” [T (n + 6n,w) = T(n,w) = DT (1; 6n; )],
= lim
1671l 7,0 691l
T on,w) —T(n,w) — DT (n;dn;
< lim EP IT'(n + 0n,w) = T(n,w) (m;0m; W)l
161l 57, —0 101l £,
T(n+ dén,w)—T(n,w)— DT (n;0n;w
_gP | o N0+ W) — T, w) (m; 0m; W)l
1691l g, 0 691l
where we have used dominated convergence.
The proof of ii) follows directly from the Lipschitz continuity of V,T'(n,w). O

We now introduce non-positive optimality functions for Problem D¢, Dg/[ , Do,

and Dg/l , based on the Frechet derivatives defined in Lemma 4.3.2.

fc(n) Zn,nelgchJ(n;n’—nH;Hn’—nHZQa (4.9)
0¢! (n) =n;ggchJM(n;n’—n)+;Hn’—nHiIQ? (4.10)
oln) = — VT, (111)
0 () = —5 [V 7G5, (4.12)

Proposition 4.3.3. Suppose that Assumptions 10-13 hold. Then the following are true:
i) Oc is a continuous optimality function for Dc.
i) 024 s a continuous optimality function for Déf[.

ii1) Oo is a continuous optimality function for Do.
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iv) 0%4 s a continuous optimality function for Dg/[.

Proof. The proof of i) — ii) follows directly from Lemma 4.3.2 and the arguments used
in the proof of Theorem 4.2.3a in [61], with J or J™ replacing f°, Hc replacing H,
Lemma 4.3.2 replacing Corollary 5.6.9. The proof of iii) — iv) follows directly from
Lemma 4.3.2 and the arguments used in the proof of Theorem 4.2.3c in [61], with J or

JM replacing f°, H replacing HY, Lemma 4.3.2 replacing Corollary 5.6.9. 0

In general, the necessary condition based on the Lo variation of the objective
functional will not be equivalent to the Pontryagin Minimum Principle except in the case
where the Hamiltonian is convex in u. However it can be shown that for the Problem
Do, under certain regularity conditions the necessary condition 8o (n) = ||VJ(n) H}QLIQ =0

is equivalent to the stationarity of the Hamiltonian given by
H(w, X u, t) = B [f(a(t,w), u(t),w) pt,w)],

where p is the adjoint to the state variable x. To see this, suppose the initial condition
is fixed, and note that the stationarity of the Hamiltonian implies that

aauH(x, A\ u,t) =EF [fu(m(t,w),u(t),w)Tp(t,w)] =0

for almost all ¢ when f is sufficiently smooth. Therefore

1
IV ()17, =/0 B [fu (1), u(t), w)p(t, )] || dt = 0

For the Problem D¢, the approach of Ref. [57,58] can be extended to produce a
Pontryagin-like necessary condition for global minimizers that are accumulation points
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of global minimizers of the approximate Problem Dé? . A direct extension of Pontrya-
gin’s minimum principle to the UOCP is desirable, as it may lead to insights into new
optimization algorithms, but this approach is not pursued here. For work relating to

this topic see Ref. [24, pp. 80-82].

4.4 Consistency of the Approximation Using Sample Av-

erages

In Section 4.2 we analyzed the convergence of the approximation scheme for
Problems D¢ and Do using the concept of epiconvergence. Epiconvergence of the objec-
tive functionals guarantees that accumulation points of a sequence of local minimizers
to the approximate problem will be a local minimizer of the original problem. However,
epiconvergence is not sufficient to guarantee that accumulation points of a sequence of
stationary points to the approximate problem are stationary. In this section, we demon-
strate such a property, thus showing that the approximation scheme based on sample

averages is consistent in the sense of Polak [61, Section 3.3].

Definition 6. [61] Let X be a complete separable metric space, let GM . X —R,G:
X — R be lower semi-continuous functions, and let TM : X — R, : X — R be
non-positive upper semi-continuous functions. We say that the pair {GM, FM}MeN s a

consistent approzimation to the pair {G,T'} if:

i) Gy epiconverges to J.

i) If {xm}37— s a sequence converging to x, then limsupy;_o I'n(zar) < T'(2).
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We have already shown the almost sure epiconvergence of the approximate
objective functional JM to the objective functional J in Theorem 4.2.3. To establish
the convergence properties of the optimality function 6%, we introduce the following

assumption:

Assumption 14. There exist constants L, L'y € [1,00) such that Lg(w) < L, and

Lp(w) < L% almost surely.

Note that this assumption will be valid in the case that €2 is a compact subset
of R™ and f, F' are continuously differentiable. Therefore the assumption is satisfied
for previously considered applications Problem B such as optimal search [57,58] and
ensemble control [73,74,76].

The following lemma addresses the measurability and continuity of the gradient

of the objective functional.

Lemma 4.4.1. Suppose that Assumptions 10-14 hold. Let n € H. Then the following
are true:

i) VyT(n,-)(): Q2 x[0,1] = R is measurable.

ii) There exists a compact set Uy C R™ such that V., T(n,w)(t) € Uy for alln € Hyw €
Q,te[0,1].

i) There exists Loy € [1,00) such that Lyr(w) < Loy almost surely, where Lyr(w)
is the Lipschitz constant of VT'(-,w).

w) For each M, Ly yu < Loy almost surely, where Ly jv is the Lipschitz constant of
vJM,
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Proof. Part i) follows directly from (4.4-4.5) and the application of Lemma 4.1.3 to
the adjoint system (4.6). Part ii) follows from Lipschitz continuity of f, (Assumption
11) and p (Lemma 4.1.3) and the boundedness of the set H. Part iii) follows from
Assumption 14 and the proof of Lemma 5.6.9b of [61]. Part iv) follows from iii) and the
fact that VJM(-,w) = LVT(-,wM) where {wM}M, is an independent P-distributed

random draw from ). O

To simplify notation, for a given n* € H¢, we introduce the following functions:

Sk

:He = Ry e (VIM(0*),m)
ii) K Ho = Ry = (VJI(), M) g, »

i) < He o Rem o (VI (), 77)

iv) g Ho = Rin = (VJI(0),1") g, -

Lemma 4.4.2. Suppose that Assumptions 10-13 are satisfied. Then the following hold:
i) ﬁf?\i[ — Ky uniformly almost surely for each n* in He.

ii) u% — P+ almost surely for each n* in Hs.

Proof. Proof of i): For a given t € [0,1], because the V,T(n,w;)(t), for i = 1,..., M
are identically distributed, the strong law of large numbers, (4.7), and (4.8) imply
that VJM (n*)(t) — V.J(n*)(t) almost surely. Therefore VJM (n*) — V.J(n*) pointwise
almost surely as M — oo. Recall that ||n[|;;, < p1+p2 for all n € He. Therefore for each

€ > 0, there exists K € N such that for each M > K, we have | VJM (n*) — VJ(n*)HH2 <
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€
p1+p2

by the dominated convergence theorem. Then

|kt () = ke ()| = (VT () = VT 0*)s ), | < ||VTY () = VT 0 || g, 1911,
< €
p1+ p2

(p1+p2) =€

Proof of ii): First note that by Lemma 4.4.1, (V,T(n,w),n"), is continuous in 7 and
measurable in w and therefore is a random lower semi-continuous function by Propo-
sition 4.1.2 and Definition 4. Because p,-(-) = EP (ViT'(-,w),n*)p, by the proof of
Lemma 4.3.2, p,« is the expectation of a random lower semi-continuous function and is
bounded by Lemma 4.4.1iii. The result then follows from (4.7), (4.8) and Proposition

2.4.1. U

4.4.1 Consistency of the Approximation the Constrained Problem

Lemma 4.4.2 allows us to establish the almost sure consistent approximation

of Problem D¢.

Theorem 4.4.3. Suppose that Assumptions 10-14 hold. Then the sequence {JM GCM}MGN

is almost surely a consistent approzimation to the pair {J,0c} on the decision space He.

Proof. The almost sure epiconvergence of JM ‘Hc to J ‘Hc is established in Theorem
4.2.3.

It remains to show that limsup,,_,. 04 (n™) < 6c(n) whenever n™ — 7.
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Suppose that n™ € Hg and n™ — 7. First we write

_ 1
0 (™) = i {(FTM M) =), 45 o =07,

: 1 9
= in {(FL1@)) 4 5 I =, } = (TP

. 1 2
= min (0T M) = 9T ), 0 ) g, + (T ), + 5 =", }

- <VJM(77M)7 77M>H2

= min { (VI (M) = I ), 0') , + T O) + % I =3, }

n'€He
— (VI M =)y, — (™). (4.13)
Similarly,
0c(m) = min | ko) + 5 1 = nl3, | = () (4.14)
n'€Hc 2 2

We examine the behavior of limsup,;_,.. Hg/[ (n™) by looking at each expression in

(4.13).

Note that H¢ is bounded, therefore we have by Lemma 4.4.1iv

(VIM M) =V IM ), < IVIM M) = IO, 1 ]
<Ly [0 = nll g, 7], = 0

uniformly in 7" on He. Similarly, because

I =1, = ' = %, = ™5, = Il + 200 = 0™ 0, — 0
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uniformly in 7’ to 0 on He, we have ||n' — 77MH22 — |7 - 77”?{2 uniformly in 7’. This,

combined with the uniform convergence /ﬁf;/[ — Ky shows that

. 1 2
Jmin (VIY M) = VI 0), )y, 4wy () + 5 I =0,

, 1
= min () + 5 [0 = ally,  (415)

Because (VJM (n™) nM —n) g, — 0 almost surely and ,u,];/[ epiconverges to ji,, we have,

from (4.13-4.15)

lim sup 84 (n™) < 0c(n) almost surely.
M—o00

4.4.2 Consistency of the Approximation of the Unconstrained Prob-

lem

We now demonstrate the almost sure consistent approximation of Problem Dg.

Theorem 4.4.4. Suppose that Assumptions 10-18 hold. Then the sequence {JM Hg/[}MeN

is almost surely a consistent approzimation to the pair {J, 00} on the decision space Hp.

Proof. The almost sure epiconvergence J™ ‘ Ho —epl gM ’ o Was established in Theorem
4.2.3; it remains to establish the convergence properties of the optimality functions.
Suppose that ™ € Hp and n™ — 1 € Hp. Recall that Hy is a complete Hilbert space.
By Lemma 4.4.2ii and the Riesz Representation theorem, for each f € H5 we have
liminf oo f(VIM (M) > f(VJ(n)) almost surely. By the Hahn-Banach theorem

there exists f* € H; such that ||f*||H; =land f*(VJ(n)) = [[VJ()ll,. Furthermore,
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for each M, we have

FrvIM (M) < 1 g

VIO g, = 1VIY ),
Therefore
VT @), = £*(VI () <Timinf f5(VIY (")) <Tim inf [[VIY ()],

Therefore limsup;_, o, 08 (n™) < 0o(n) almost surely.

4.5 The Time-Discretized Problem

In Sections 4.2-4.4 we analyzed a computational framework for the uncertain
optimal control problem based on sample average approximations. This process creates
a sequence of approximating standard optimal control problems which can be solved
using existing techniques. In this section, we address the convergence properties of
the method which solves the approximate Problem Dg/[ using the Euler discretization,
although this approach can be generalized to other direct discretization algorithms such
as Runge-Kutta [41,79].

First we introduce the framework with which we will perform our discrete
approximation, following the framework of Polak [61, Chapter 5. This will involve

an approximation of the admissable set as well as an approximation of the objective
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functional. For k € {0,1,..., N — 1}, let

VN forallte [k/N,(k+1)/N),if k <N —1,
TN k(t) = (4.16)

0, otherwise

For any integer N > 1, we define the subspace Ly C L7 5[0,1], by

=z

-1
Ly =A{u € LI [0, 1ult) = )  wrni(t)},
0

el
I

and

Hy =R" x Ly C Hy 2.

We then define the admissable set for the approximate problem as
HC, N =Hc N Hy.

Hc n is the set of all admissable initial state and control pairs for Problem D¢, with
the additional requirement that the control be constant on each interval [ﬁ, %) for
ie€{0,...,N—1}.

For each w € 2 and n € Hy, we approximate the dynamics (4.2) using the

Euler integration formula:

2% ((k+1)/N,w) — 2% (k/N,w) :%f(x"N(k/N,w),u”(k‘/N)), ke{0,...,N—1}

21,(0,w) =€" + 1(w)

For a detailed derivation of this approximation scheme and its relation to the nonlinear

programming problem, see Polak [61, Chapter 5].
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Recall that the objective functional to the Problem D¢ is given by J(n) =
EP[T(n,w)] where T'(n,w) = F(2"(1,w),w). Let TV : HxQ R be the time-discretized
approximation to T, i.e. TV (n,w) = F(z%(1,w),w). Given a random P-distributed
draw {wi,...,wpr} from Q, we can define the sample average and time-discretized ap-

proximation to the objective functional J by

M
1
JMN — i ZTN(T],wi). (4.17)
=1
Combining this objective functional with the discretized dynamics

(k4 1)/ ) — % (/N i) = F (@ (/N ), w7 (R /N)), (4.18)
ke{0,...,N—-1},1€{l,..., M}

2 (0,w;) =€ + o(w;),1 € {1,..., M}, (4.19)

we can define the fully discretized problem.

Problem BY™ : Find an initial state and control pair n = (u",£7) € Hen to
minimize the objective functional (4.17) subject to the constraints (4.19).

In order to approximate Problem D¢ by Problem D% N our desire is to assign
to each sample size M € N a number N (M) of time discretization nodes in such a way

that JMNM) _sepi J To this end we introduce the following assumption:
Assumption 15. For the function N : N — N, we have N (M) — 0o as M — <.

In Section 4.2 we showed that J™ —P! J as M — oco. It is well known that
JMN _ept JM a5 N — oo (see Ref. [61, Chapter 4]). However, these conditions are

not sufficient to guarantee that J MN(M) _yepi J a5 M — oo for arbitrary assignments
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N : N — N. We demonstrate such a property by analyzing the error introduced by
the time discretization approximation. Our approach will be based on the fact that the
effect of such a time discretization on a standard optimal control problem (which we
can consider as a special case in which the value of the parameter w is fixed) is known
and is determined by Ly, Lr. That is, we can use existing results to uniformly bound
(in both 1 and w) the error introduced to Problem D¢ by approximating 7'(n,w) by

T (n,w).

Proposition 4.5.1. Suppose that Assumptions 10-15 are satisfied. Then there exists

an K such that for any n = (§,u) € He, we have
TN (n,w) = T(n,w)| < Kp/N (4.20)
for every w € Q.

Proof. Follows from Assumption 14, the boundedness of the set H¢g, and the proofs of

Theorems 5.6.23 and 5.6.24 in Ref. [61]. O

The fact that this convergence is uniform in both 7 and w allows us to address

the convergence JMN —epi J,

Theorem 4.5.2. Suppose Assumptions 10-15 are satisfied. Then JMNM) _yepi g

almost surely.
Proof. In order to establish epiconvergence we must show that
i) liminf JMNOD (1)) > J(n) whenever ny — 1,
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i) lim JMNOD) () = J(n) for at least one sequence ny; — 7).

To do so, note that Assumption 14 implies the existence of a constant Ly € [1,00) such
that |T'(n,w) — T'(n,w)| < Ly ||n—17'|| for all n,n" € Ho,w € Q. Then consider the
difference

J(n) = TNOO ()| <[ 7() = T (ar)| + [T ) = THVOD )|

T(n,w;) — TN (ar, w;)

Sis
e

@
I
—

=|J(m) = I ()| +

T(777 wi) - T(77M, wi)

S
M=

<[J() = J" (mr)| +

1

M
1
M > T, wi) = TV (g, wi)
=1

o
Il

_|_

<|J(n) — JM(na)| + Lt ||n — nul| + K /N (M)

The result then follows from Assumption 15 and the almost sure epiconvergence of JM

to J. O

This result establishes that Problem D¢ can be approximated by a sequence of
high-dimensional nonlinear programming problems by using a sample average scheme to
approximate the expectation over the parameter space and an Euler scheme to discretize
the time domain. The resulting numerical solutions will be meaningful in the sense that
an accumulation point of a sequence of global minimizers to the approximate problem
will be a global minimizer of the original problem. In order to establish a similar
result for stationary points, we must develop optimality conditions for the approximate
problem and analyze the approximation of the adjoint variables. Such a result is beyond
the scope of this work.
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4.6 Numerical Examples

In Section 4.1-4.5 we propose a computational framework for the uncertain
optimal control problem and demonstrated that it can be approximated by a sequence
of high-dimensional nonlinear programming problems (NLPs) under mild regularity as-
sumptions. In this section we provide a number of example problems which demonstrate
this process. Each problem is approximated numerically by taking a random sample of
size M from the parameter space using a Monte Carlo method and approximating the
objective functional using the sample average. The resulting standard optimal control
problem is discretized using a LGL-pseudospectral method with N nodes in the time
domain. This yields an M N dimensional NLP which then is solved using the sequen-
tial quadratic programming package SNOPT [27]. Proposition 2.3.1 and Theorem 4.5.2
guarantee that if the resulting sequence of approximate optimal controls converges in
L9, the accumulation point will be the optimal solution to the original uncertain optimal
control problem.

Consider the problem of designing a controller to drive a harmonic oscillator
with natural frequency in the range w € [dp,d1], so as to minimize the expectation of
some cost functional. The oscillator in question is modelled by the uncertain dynamical

system

5'61 0 —w T Ui :El(O) 1
= + ) = ) (421)

) w 0 T2 U x2(0) 0
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for all w € [do, 61], t € [0,2f]. The goal of the UOCP is to minimize the cost functional

7 =B Bl + (ealty )] 7 [ [a(®)F + (ua(6)?)
=B [(@iltrw) + (aattr)?] 47 [ [ 0F + (@) (422)

Here 5 and « are scale factors which weight the priority of minimizing the error of the
final state against minimizing the expended control energy.

In this section we use the computational framework proposed in this paper to
numerically calculate an optimal control for this ensemble of oscillators with or without

the presence of control constraints.

Problem S Find a control u : (—1000,1000) +— R? to minimize the objective func-
tional 4.22 subject to the uncertain dynamical system 4.21, where ty = 1,99 = 0,01 =

20, 3 = 10,~ = 0.1.

This problem approximates the unconstrained problem by allowing the admissable con-
trols to take values in a large open subset of R. The proposed computational framework
of this paper is applied to this optimal ensemble control problem by taking a random
uniformly distributed draw of size M from the parameter space and approximating
(4.22) by the sample average. The resulting standard optimal control problem is solved
using a direct method based on an LGL-pseudospectral direct discretization scheme
with 54 nodes in the time domain. A sample computed trajectory for M = 26 is shown

in Figure 4.1. The optimal control and a sample of final states for the optimal trajectory
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is shown in Figure4.2.

The antisymmetry of the state dynamics and quadratic form of the cost functional

State trajectories for unconstrained problem State trajectories for unconstrained problem

Figure 4.1: A sample of state trajectories for a controlled ensemble of harmonic os-
cillators with variation in the natural frequency. Here the objective is to minimize a
linear combination of the expectation norm of the final state and the controlled energy
expended, with no constraint on the control. The optimal control is computed the sam-
ple average scheme introduced in this chapter and an LGL quadrature scheme in the
parameter space, along with the NLP package SNOPT.

allow this problem an easily verifiable necessary condition. First we cast the problem

in the form of Section 4.1. We introduce the auxiliary state x3 and define the state
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Controls for unconstrained problem Distribution of ending state for unconstrained system
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Figure 4.2: a) The optimal control for the ensemble of simple harmonic oscillators
problem with no control constraint, calculated using a sample average approximation. b)
A sample of final states for a controlled ensemble of harmonic oscillators with variation
in the natural frequency.

dynamics by

_ a1 (t, w) 1 1o ol 1 (t, w) [ ur(t) _
o(t,w) | =|w 0 0 zo(t,w) | T us(t) ;
| #3(tw) | |00 0| | as(tw) | | v(m(®)+ (u(t)? ]
_ 21(0, w) 1 [:]
22(0,w) | =] 0 |- (4.23)
| ws(0,w) | [0 ]

The cost functional is then given by

J =E"[F(2(1,w),w)] F(z,w) =fai + faj + yzs. (4.24)
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Finally, the adjoint equation defined in (4.6) is given by

p1(t,w) 0 —w 0 p1(t,w) p1(l,w) 2Bz1(1,w)
paltw) | =|w 0 0| p(tw |+ | pe(lw) | =| 28z2(1,w) |- (4:25)
I p3(t,w) ] I 0 0 O 11 p3(t,w) | I p3(l,w) | I ~y |

The necessary condition defined in Section 4.3 then requires that for an optimal solution
we have

05 (n) = IV I ()], =0, (4.26)
where VJ is the Frechet derivative given by
VI (t) =E"[fy ((t,w), u(t), w)p(t,w)]

p1(t,w) + 2vyuy(t)

—EP
pao(t,w) + 2yua(t)
_ 2y (t) EP pi(t,w) ' (4.27)
2vua(t) p2(t,w)

The objective value and optimality function values, for a given sample size is shown in

Figure 4.3.

Problem Sc Find a control u : [~1,1] — R? to minimize the objective functional
4.22 subject to the uncertain dynamical system 4.21, where ty = 7,09 = 0,01 = 3,8 =

1,v=0.

In the constrained problem, a smaller range of natural frequencies is used because limi-
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Objective values for unconstrained system Optimality function values for unconstrained system
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(a) (b)
Figure 4.3: a) The value of the objective functional (4.22) for Problem Sp computed

using sample averages, as a function of the sample size M. b) The value of the optimality
function (4.26) as a function of the sample size M.

tations on the control input make it more difficult to stabilize the system. As with the
unconstrained problem, the optimal control is computed numerically using the frame-
work proposed in this paper with an LGL-pseudospectral discretization with 36 nodes
in the time domain. A sample of computed state trajectories for M = 74 is shown in
Figure 4.4.

In Section 4.3 it is shown that an optimal solution must satisfy the necessary

condition O¢(n) = 0, where f¢ is given by (4.9). By substituting (4.27) we have

. 1 2
0=, i (Tl
= (VIupt s+ min (VI —wd) 2] (4.28)
2T 2T et ’ 2 2 '

The value of the objective functional J(u},) and optimality function 6c(u},) for a

number of sample sizes M is shown in Figure 4.6. The state variables z(¢,w) and adjoint
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State trajectories for constrained problem State trajectories for constrained problem

Figure 4.4: A sample of state trajectories for a controlled ensemble of harmonic os-
cillators with variation in the natural frequency. Here the objective is to minimize
expectation of the norm of the final state subject to a pointwise control constraint.
The optimal control is computed the sample average scheme introduced in this chapter
and an LGL quadrature scheme in the parameter space, along with the NLP package
SNOPT.

variables p(t,w) are calculated using 54 LGL-pseudospectral nodes in the parameter
space and solving the resulting state-adjoint system using the MATLARB’s differential
equation package ode45. The value of f¢ is then determined using MATLARB’s quadratic

programming package quadprog.
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Controls for constrained problem Distribution of ending state for constrained system
0.5 T T T T
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Figure 4.5: a) The optimal control for the ensemble of simple harmonic oscillators prob-
lem with a pointwise control constrained, calculated using a sample average approxima-
tion. b) A sample of final states for a controlled ensemble of harmonic oscillators with
variation in the natural frequency.
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Figure 4.6: The value of the objective functional (4.22) for Problem S¢ computed using
sample averages, as a function of the sample size M. b) The value of the optimality
function (4.28) as a function of the sample size M.

114



Chapter 5

Conclusion

In this thesis we focus providing computational framework for the solution of
a class of optimal control which incorporate parameter uncertainty into the dynamics,
objective functional, and initial states. This class of problems is inspired by a number of
recently considered applications in optimal control for which the parameter uncertainty
is inherent, such as optimal search and ensemble control. In addition, many existing
applications of optimal control, such as trajectory optimization, can be extended in this
framework to include uncertainty about physical parameters in the dynamical system
or the external environment.

We provide a framework for the numerical solution of this class of problems
based on a discretization of the space of stochastic parameters. In this method, the
uncertain dynamical system is approximated by selecting a finite number from the
parameter space using a numerical integration scheme, and the objective functional is

approximated by a finite sum. The advantage of this approach is that the discretized
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problem is a standard nonlinear optimal control problem which can be solved using
existing methods from computational optimal control.

A rigorous analysis of convergence properties is provided for such a frame-
work. The consistency of the proposed framework is theoretically guaranteed under
mild regularity type of conditions for either a quadrature or Monte Carlo sampling
schemes. In addition, we provide two types of necessary conditions for the uncertain
optimal control problem which can be used for validation and verification of numerically
computed solutions. First, a Pontryagin-like Hamiltonian minimization criterion is de-
rived by analyzing the convergence properties of the dual variables for the approximate
problem. This necessary condition shows that the optimal solution to the uncertain
optimal control problem must minimize the expectation of the Hamiltonian over the
space of stochastic parameters. Second, we provide a necessary condition based on the
Lo-Frechet derivative of objective functional in the form of an optimality function. By
analyzing the convergence properties of the optimality functions we demonstrate that
the numerical scheme based on sample average approximation is consistent in the sense
of Polak [61, Chapter 4].

The computational framework as well as theoretical analysis on consistency
can be extended in several directions which could provide interesting topics for future

research. In the following, we briefly list some of these possible extensions.

e Explicit final conditions: In this thesis, we do not consider problems with fixed
end points. Requirement on the final states is implicitly addressed by augment-
ing it into cost functional as a penalty term. However controllability results for
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the ensemble control problem demonstrate that for certain control problems, it
is possible to guarantee the existence of an open loop control to drive the state
trajectories with uncertainty into a given neighborhood of a desired point. For
such problems it may be desirable to restrict the decision space for the optimiza-
tion problem to only those controls which transfer the system to the desired end
state. The computational methods presented in this thesis can be directly imple-
mented on such problems, however, the consistency properties need to be carefully

analyzed.

Free end-time problems: In this thesis we consider problems with only fixed
end times, which excludes a large number of control applications such as minimum
time problems. It is possible to handle the free end-time by simply projecting
the time domain [ty,t¢] to a fixed computational domain and incorporating the
end-time, ¢, into the optimization decision variables. However, the challenge is
that free end-time problems typically associates to explicit conditions on the final
state, which introduces controllability issues. For general nonlinear dynamics,

such controllability results are largely missing.

State constraints: The results presented in this thesis can potentially be ex-
tended to problems with pointwise state constraints, for example, obstacle avoid-
ance type of constraints encountered in motion planning. However, this extension
presents unique challenges in both how to formulate the constraints and how to

determine a control which would satisfy such state constraints for the uncertain
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problem. For instance, the constraint could be formulated so as to keep the
probability of collision with the obstacle within reasonable bounds. However, the
inclusion of such a constraint poses new difficulties in how to formulate necessary

conditions for the problem.

Improve the efficiency of NLP: When the method presented in this thesis is
applied to an uncertain optimal control problem, the result is a high-dimensional
nonlinear programming problem (NLP). However, this NLP is highly structured,
as the same time discretization step is applied to every node in the parameter
space, and the discretized dynamical systems are coupled only through the open
loop control. It may be possible to explore this structure in the numerical opti-
mization algorithms, thus leading to improved performance for the solution of the

uncertain optimal control problem.
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